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Abstract

A mathematical model of quantum transient transport in dimension d =
2,3 is derived and analyzed. The model describes the evolution of electrons
injected into the device by reservoirs having a stationary statistics. The elec-
trostatic potential in the device is modified by electron presence through elec-
trostatic interaction. The wave functions are computed in the device region
and satisfy non homogeneous open boundary conditions at the device edges. A
priori estimates are deduced from the “dissipative properties” of the boundary
conditions and from the repulsive character of the electrostatic interaction.

Key words : Quantum transport; transient Schrédinger-Poisson system; open
boundary conditions.

1 Introduction

In nanoscale semiconductor devices, the typical lengthscale and the de Broglie wave-
length of electrons are comparable. Therefore, quantum effects such as tunneling
become important and have to be taken into account in the models. When the
transport is ballistic (which means that electrons do not suffer any collision during
their transit in the device), the Schrodinger picture is well adapted. The electrons are
in a mixed state, each elementary state being a solution of the Schrodinger equation.
More precisely, the density matrix can be written

ot 2, 7) = /A On(t 2V Bt 2) dp()

where A is an index for the elementary states 1, (¢, x) and the integration is done
with respect to a measure p. Each state ¢y is a solution of the Schrédinger equation

LD\
ot
where V' is the electrostatic potential. Since electrons are charged particles, they

contribute to the electrostatic potential through the electrostatic interaction. The
potential takes the form V' = V. 4+ V; where V, is a given (exterior) potential and

(t,x) = =A\(t,x) + V(t, z)Ya(t, )



Vs is the self-consistent potential created by the electrons, which solves the Poisson
equation

—AV, = n(t, ) = p(t, z,2) = / [ (t,2) 2 du()).

The so-obtained Schrodinger-Poisson system has been widely studied in the time
dependent whole space setting in [11, 12, 16], and in the stationary case for bounded
domains with Dirichlet boundary conditions in [21, 22] or the whole space case in
[20]. In electronic devices, the nonlinear coupling effects take place in the middle
of the structure. This active region is not a closed region but is connected to the
exterior medium through access zones which can be considered at equilibrium and
are modeled by waveguides. The access zones allow the injection of electrons into
the active region which can be out of equilibrium. The Schrodinger-Poisson problem
is then set on the active region; suitable transparent boundary conditions at the
boundary between the access zones and the active zone have to be prescribed in order
to model the continuous electron injection. In the stationary picture, transparent
boundary conditions have been described in [17] and analyzed in [9] in the one
dimensional case and in [8] for the multidimensional case. For the time dependent
Schrodinger equation, transparent boundary conditions have been derived by several
authors from different application fields [2, 3, 5, 7, 14] in the one dimensional case
when the initial condition is compactly supported in the active region and their
discretization has been studied in [4, 6].

Our aim here is to derive the boundary conditions for the transient Schrodinger
equation in the case of continuous injection and to analyze the so-obtained Schrodinger-
Poisson system. The one-dimensional case was already treated in [10] and we extend
it to the dimension 2 or 3. F. Nier has already formulated and studied a more gen-
eral version of this problem in [19]. He has used the density matrix formulation of
quantum mechanics and analyzed the problem by means of scattering theory tech-
niques and functional calculus. Boundary conditions are not derived explicitly and
are taken into account implicitly thanks to the use of the notion of conjugate oper-
ators. In the present paper, we use the Schrodinger picture and derive transparent
boundary conditions which are more suitable for numerical simulations (see [3, 23]).

To fix the ideas, let us briefly consider the stationary one dimensional model for
a resonant tunneling diode. The device occupies a bounded interval [a, b] where the
electrostatic energy V' (z) varies. Outside this interval, the function V' is a constant.
The index A of the statistical mixture is the momentum of incoming particles to the
domain [a, b] and shall be rather denoted by p. The wave function 1), corresponding
to electrons injected at the left boundary with a positive momentum p is a solution
of the Schrodinger equation

_Ld%,
2 dx?

+ Vi, = 8(17)%)

where €(p) = %—H/(a). For 2 < a, we have 1, (z) = " +r,e~?* which expresses the
fact that only the incoming wave e* has a prescribed amplitude (equal to 1), the



reflection amplitude 7, being an unknown of the problem. Transparent boundary
conditions are obtained for x = a by eliminating this unknown [8, 9]. The total
charge density is then computed by the formula

n(x) = / F(0) 14(@)]2 dp,

where f(p) is the given statistics of entering particles (for p < 0, 1, corresponds to
electrons injected at x = b with momentum p). The stationary problem has been
studied in [8, 9] and in [19] in the density matrix formalism.

In the time dependent situation, we start from such a stationary solution and
then abruptly change the applied voltage. The question is to model the evolution
of the system. As mentioned above, a more general problem is dealt with in [19]
by scattering theory techniques. We choose here another route to tackle the prob-
lem. Namely we shall derive inhomogeneous time dependent transparent boundary
conditions for the Schriodinger equation (the derivation of homogeneous boundary
conditions can be found in [3, 7, 2]). Then we take advantage of the repulsivity of
the electrostatic interaction in order to derive a priori estimates for the Schrodinger-
Poisson problem. By doing so, we remove the restiction needed in [19] that f(p) =0
in the vicinity of those p’s such that £(p) = V' (a) or V (b).

The outline of the paper is as follows: in section (2), we introduce the notations
and the setting of the problem; the main results of the paper are presented at the end
of this section; in section (3), the linear model is studied and the boundary conditions
are defined; section (4) deals with the non-linear problem and local existence while
in section (5) global behaviour and energy estimates are investigated.

2 Setting of the problem and main results

The charge carriers occupy a region Q) of R? (d = 2 or d = 3) which is the union
of a regular bounded domain € (the active region) and a finite number n of semi-
infinite cylinders (leads) €2; which represent the access zones (see Fig. 1). The
interface between the active region €2y and the lead j (j =1, - -, n) is denoted by I';.
The remaining part of the boundary of €2y is denoted by I'y. The lead €2; behaves
as a waveguide, injecting electrons into the active region €2y. It has a set of local
coordinates &; € I'j,m; € R (see Fig. 1), where §; is the transversal coordinate and
n; the longitudinal one. We introduce also (1;(x));=1,...n, & partition of unity of €,
i.e. some C'™ functions which satisfy for j =1,--- n

0<pu; <1, Z,ujzl on {2
J
i =1lonQ; and p;=0o0on €y fork#0,k#j

Class of initial data
Let us define the operator

HOI—A—i—VO
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Figure 1: The domain €2

where V? is the exterior potential which is assumed to only depend on the transversal
coordinate in the leads:

VYe L>*(Q) ; VO g, = V(&)

Let (A, ) be a set equipped with a bounded nonnegative measure p such that

u(A) = /Adu < +00. (2.1)

A family ¢§ € H? (Q) indexed by A € A is said to belong to the class of initial data
if the following hypotheses are satisfied:

(H-1) For a.e. A € A, there exists a constant E(\) such that
HYy=EMNYY  on @ (j=1,---,n)
(H-2) We have sup,cgupp 4 |[E(AN)| = Mg < +00.

(H-3) For all bounded set K C €, there exists Cx > 0 such that /A 1S Fr2 0y dp(A) <
Cye.

The cut-off assumption (H-2) is introduced for technical simplicity and could be
relaxed to

/A (BP0 di() < Cr.

for p large enough and for all bounded set I C (2.



Definition 2.1 The transversal eigenmodes and the eigenvalues of the guide j are
defined by A A ‘ ‘
A ol F V&G X = ELoxgl, o meN

| p— (2.2)
€ HY(T,), / X% X% Ao (£]) = St
F.

J

where do(&;) is the surface measure on T';. For any fized j the sequence (E?)) tends
to 400 as m tends to +o0.

Typically in practice, A = {k,mo, jo}, A = RT x N* x [1,n], E(\) = k* + EJ° and

™mo
dp(X) = ®(k, M0, Jo) dk Om.m 9 jo

where § denotes the Kronecker symbol. The energy k? represents the kinetic energy
of the electrons while E;;go is the transversal energy of the mgth mode in the lead jj.
The function @ is the statistics of the injected electrons.

Remark 2.2 Without loss of generality, we assume Vjo >0,aej3=1---.n. Then
El>0 Ym>1,7=1,---,n.

For a function g defined on I'; (j # 0), we introduce the notation

()= [ o€ doc).

J

Remark 2.3 Let ¢ be an L*(T';) function. We denote by

Ph(5) = Xon(E5) (o).

1/2
its projection on xJ . Thanks to (2.2), the relation ¢ (Z E ||§0£n||%2(rj)>
m>1
defines a norm equivalent to the H}(I';) norm.

Class V of potentials
We shall say that a potential W belongs to the class V if it satisfies:

(V'l) We Ol([O,T], LOO(Q))v
(V-2) for any j = 1,---,n, there exists a function V;(¢) such that for z € Q; we
have W (t,z) = VO(z) + V;(1).

In the Schrodinger-Poisson system presented in this paper, the potential V' can be
decomposed as the sum of a given external potential V, and a selfconsistent potential
Vs localized in the active zone, i.e. supported in 5. We shall assume

(H-4) The external potential V. belongs to the above defined class V.



If V, € C'([0,T], L>=()), this assumption implies that V belongs to the class V.

Let us now define the operator
H(t) = —A+ Vo(t,x) + Vi(t, ).

The open Schrodinger-Poisson system consists in solving for Vi(¢, z) and ¥, (¢, )

Oy = HE) YA 5 a(0,)=¢} ; z€Q (2.3)

H(t) = —A+Ve(t,x) + Vi(t,x) ; supp(Vy) C Q (2.4)

—AVy=n= / [Ua|2dp(N), r€Qy ; Vilag, =0. (2.5)
A

Notice that the Schrodinger equation is set on the whole domain €2 including the
leads. We shall derive transparent boundary conditions allowing for its resolution
on the domain g only. To this aim, we first remark that, according to (H-1) and
(H-4) we have

HEWS = (BN + V()¢ on @ forj=1,---,n
Defining the phase factor

B0 = e (=i [ (B + V(s ).

the plane wave function
WOt w) = Y8 () > ()63 (¢) (2.6)
j=1

satisfies

10N = H(t)YR” on Ujep..n Q5 20, z) = @Dg(x) on .

In order to define the boundary conditions, we introduce the following notation
t

) = X(6) exp (=i [ (500 + B ar). (27)
0

At any time, (X7, )m>1(t,.) is an orthonormal basis of L*(T;).

Definition 2.4 For any given function f € H*(0,T), a > 0, one defines - see [15]:

f(7)

1 t
T2 :—/ d
/ Vo V=T "




which verifies T2 f € HY?**(0,T). Then, we denote 0"*f as the distributional
derivative of TV?f:

81/2]0 — Il/2f — %di / f(T)TdT'

For any f € H*((0,T), L*(T;)), we set

L f(t &) = > () T2 (f(t.) xh(t)). (2:8)
D} f(t,£;) = Do xhlt &) 0 (f(t.) xh(t.-)) - (2.9)

The main results of this paper are summarized in the following theorem:

Theorem 2.5 Assume d = 2,3. Under the hypotheses (H-1)—(H-4) above, the
Schrédinger-Poisson system (2.3)~(2.5) admits a unique solution (¥, Vy) such that

‘/5 S CO([OvT]vHOI(QO)) N CO([OvT]7H4(QO)) N Cl([OvT]7H2(QO))
and ) € Yy + & for X € A a.e. with
E=2C[0,T], H*(Q)) n C'([0,T], L*(Q)), (2.10)

where T is arbitrary large. Moreover, the Schridinger-Poisson system (2.3)—(2.5) on
Q is equivalent to the boundary value problem on €}y consisting in the Schrodinger-
Poisson system (2.3)—(2.5) with a Dirichlet boundary condition on Iy and one of the
following equivalent boundary conditions on I';, j =1,--- n:

am(w—@bp’“) = D - u)  ae (211)

dr— g}y = —™AL ( (1) —¢pw)) ae.. (2.12)

In the whole paper, C will denote a generic constant, depending on ji;, on || Vjl|¢1(jo,1))
on ||V, for j =1,--+,n and on Mpg.

3 The linear equation

In this section, under hypothesis (H-1)—(H-2), we study the linear Schrodinger
equation (2.3) with
H(t) = —-A+V(t )

and where V is given in the above defined class V of potentials. Firstly, we prove the
well-posedness of this equation on ¢ + &£. Notice that the classical L*-theory does
not apply since the initial data ¢{ ¢ L?(Q2). We also derive the boundary conditions
satisfied by the wave function on each interface I';, 7 = 1,---,n. Finally, we give
some estimates which will be crucial for the analysis of the non-linear problem.



3.1 Derivation of the boundary conditions

Before analyzing the Schrodinger equation in the open domain €2, let us recall the

standard result in the L? framework. Consider the Schrodinger equation

iV = —AVU + V(t, )V + f(t,2) ; z €

(3.1)
U(t=0,-)= Uy, U=0 on R"xO.

Lemma 3.1 Let V € C'([0,T],L>=(2)), f € C*[0,T),
Then (3.1) admits a unique solution ¥ € C°([0,T], H*(Q2)) N
over U satisfies the following estimates: YT > 0, Vt € [0,T],

L*(Q)) and Y, € H*(Q).
C([0,T], L*(Q)). More-

NW ()N z2) < Wollz2) + I1f 21 0,0,222), (3.2)

HV‘I’(t>‘|i2(Q) < ”V\IJOH%Q(Q) +CO(1+17) (H\IJOH%Q(Q) + Hf”él([o,t],L?(Q))) X
X (L+IV[lor o0, »
(3.3)
)2y < (1ol + 1 flleroa.c2@))

X (14 [IVllerqoa, @) -

Proof. This proof is very standard. We shall however detail it for the sake of com-
pleteness. Since V' € C'([0,T], L>(R2)), iA — iV generates a strongly differentiable
unitary propagator U(t,s) (see [24], theorem X.70) and then ¥ can be written

(3.4)

t
B(t) = U(t, 00Ty + / Ut s)f(s)ds € L2(9). (3.5)
0
The regularity is obtained by noticing that v := 0,V verifies
t
u(t) = U(t,0)ug +/ Ul(t,s) (0,V(s)U(s) + O.f(s))ds € L*() (3.6)
0

since

ug = iAWy — iV (0,2)Vo —if(0,2) € L*()

and
VY 4+ o f € CO([O,T],Lz(Q)).

Finally, ¥ € C'([0,T], L*(Q2)) and [13] (Remark 2.5.1 (vi)) gives ¥ € C°([0, T, H*(©2)) N
C'([0, 77, L*(%)).

To prove the estimate (3.4), we first notice from (3.5) that, VT' > 0, Vt € [0, 7],

WD) 2@) < 1Wollz2) + 1 f 210,02 (2)
and from (3.6) that

1009 ()] L2y < C(1+1%) (1ol 2 + [ fllerqour.e2) (14 1V lorqo.ey) -



Finally, we estimate ||AW(t)||12(q) thanks to (3.1) to obtain (3.4). To obtain (3.3),we
take the L2(QQ) scalar product of (3.1) with 9,V¥, integrate over [0,¢] and take the
real part. Estimate (3.3) follows after straightforward integration by parts. n

Proposition 3.2 (i) Assume ¢\ € HZ .(Q) such that (H-1) and (H-2) are satisfied.
Then, the equation (2.3), with V' belonging to the class V, admits a unique solution
in Y + €, where Y5 was defined in (2.6). Moreover, this solution 1, verifies the
estimates, pointwise in t,

[a(t) — W8 (1) || L2() < CNUR] 2e00) (14 1V [ coo,g,(02))) (3.7)

[62(8) = 05" Oll ey < OO+ [W8l00) (14 1V s oaimiay) - (39)

(ii) Assume (H-1), (H-2) satisfied. Let 1y € 5" +E be the unique solution of (2.3),
with V' belonging to the class V. Then 1y is the unique solution of the boundary
value problem on €y consisting in the Schrédinger equation (2.3) with the Dirichlet
boundary condition on 'y and one of the following equivalent boundary conditions
ae. only, g=1-- n:

0 .
g = U8) =~ D —ug) (3.9)
w T a pw
w/\ — i e —e€ /4 I[jl/2 (a—m(w/\ — A )> . (310)

The following remark will be used all along the paper:
Remark 3.3 Standard interpolation results imply: for0 <o <1, s<1—o0,
[L2((0, T), HX(Q0)), H'(0,T), H(Q0))], = H*((0.7), H**1-7"(Q,)),  (3.11)
see [1] for the definition of the interpolation brackets, and then
E C H¥((0,T), H* (Q)), 0<o<1, s<1-—o. (3.12)

Proof. Let us first define the function ¢, := ¥, —¢}". Putting this expression into
(2.3) and using (H-1), we obtain

Z% = —A(%\—f—vgb)\—s;\(‘/) in Q (313>
gb)\(o,l‘) = O,

where S, (V) is defined by

S\(V) = 2V D>V B+ > (A + V) 6]

) Solr 3.14
+[(BO) = Vel + Au8] > i & (3.14)
jz1



and satisfies

supp Sx(V) C Q. (3.15)

Since ¢\ € HZ .(Q) and V € C*([0,T], L>=(£2)), we have S5(V') € C*(]0, T], L*(2)) and
Lemma (3.1) applies: this gives the existence and uniqueness in ¢} + €. Estimates
(3.7) and (3.8) are direct applications of (3.2) and (3.4) since

1S (W) lexor,r2) < CllUR 20y (14 1V lero.m,e=(0))) - (3.16)

The constant C' above is A-independent because of hypothesis (H-2).

By using the approach developed in [14] for the wave equation, transparent
boundary conditions were derived in [3, 7] for the 1D Schrodinger equation, in an
homogeneous case and when the external potential is constant. In the present case,
we apply the obtained results in each lead €2; and we extend them to the case of
time-dependent external potentials. Consider the function ¢, defined hereabove. On

each Q;, j =1, -, n, the wavefunction ¢, can be expanded on the basis (x?,(t, -))m:
(b)\(ta gja 77]) = Z (pm(ta 77]) Xin(ta €J)
m>1

Since V belongs to the class V | it verifies
Ve, =V7(&) +Vi(t) 5 #0
and thanks to (3.13), ., (t,n;) solves

OPm *om
ZW@’ ;) = —W(tﬂ?j) (n; >0)

j (3.17)
@m(Oﬂ?j) = 0.

Following now [3, 7], ¢, verifies on I'; the scalar Dirichlet-to-Neumann boundary
condition:

0y ,
m __ —ir/4 81/2 (
e ©Om) - (3.18)
In;
Similarly, ¢, satisfies the scalar Neumann-to-Dirichlet boundary condition:
) Op
Pm = —€ el (3.19)
In;

Finally, coming back to ¢,, we obtain (3.9) and (3.10). Notice that (3.10) makes
sense a.e. on (0,7) x I'; since ¢ € € and then, by trace properties [18], (%_gb,\ €
C°([0,T), L3(T;)). For (3.9), we deduce from (3.12) that & C HY2((0,T), H*(Q0)).
Therefore ¢yl € HY2((0,T), L*(T;)) and (3.9) is verified a.e. on (0,7) x T;.

To complet]e the proof, it remains to remark that the solution of the boundary
value problem (2.3) with (3.9) or (3.10) is unique. This property follows easily from
estimate (3.26) that we shall prove in the next subsection. n

10



3.2 Dissipation estimates

In this subsection, we first give some properties and dissipation relations of the
boundary conditions (3.9) and (3.10). Then, we deduce some a priori estimates,
leading in particular to uniqueness results.

Lemma 3.4 Let the Fresnel integral be defined by
1 t ei’r

= — —dr
VT o VT

There exists a positive constant M such that |Y(t)] < M+/|t|/(1 + \/|t]) on R.
Moreover, we have the following identities

T(t) teR. (3.20)

—iwt ) 1 )
TG T (wt) ; o'/? (e7") = N —ivwe T (wt).

The proof of this lemma can be found in [15]. A direct consequence is

T1/2 (e—iwt) _

Lemma 3.5 Let ¢ € C'([0,T7], H2 () be defined in (2.6), T in (3.20) and }D)]l-/2

in (2.9). Then, we have the following formula

By = (=

m=1
—in E(\) — Ejy e "EOENEY (B(N) - E,) t)) UaIxd, (3.21)
where Y29 = (Y8(n; = O,~)@>J’. Here (x7,E3),.cn are the eigenvectors and

eigenvalues of the gquide j as expressed in (2.2) and x?. is equal to X% modulated by
a phase factor, see (2.7). Furthermore, if |E(\)| < Mg then we have

1/2 w 1
D528 |2y < CyJ1+ — [l 2(00) (3.22)

where C depends on M, on Mg and on T'.
Proof. According to Lemma (3.4) and the estimate provided on T therein,
DY ey < = 1080y + M S (M + ) [P
m>1
and Remark (2.3) coupled to trace properties imply
DB < ClllEn e, < ORI @)
m>1

O
The following technical lemma will enable to prove the dissipative properties of the

homogeneous transparent boundary conditions:

11



Lemma 3.6 Let f € HY*((0,T); L*(T;)), g € L*((0,T); L*(T)). Then, denoting
by S™/* the cone
ST = {2 e C: Arg(z) € [-n/4,7/4]},

we have

[ @), ae s (523)

[ g, ae s (3.24)

As will be seen in the proof, Formula (3.23) is to be understood as a duality product
of HY*(0,T) and H='/4(0,T). Proof. This lemma is a consequence of Definition
(2.4) and of the Plancherel equality. Indeed, setting

£t = ()X )

J

and denoting by PfJ € H'Y*(R) the function extended by zero outside (0,7, we
have

2
dv,

T
- ) 1 -
P M2 dt = / Vi |Priiv)
J 7
where Y/ denotes the square root with nonnegative real part. It is now enough to

remark that for every real number v we have V/iv € S™* and that S™* is stable by
summations. Estimate (3.24) can be proved similarly. Indeed, denoting

g (6) = {g(t) i)

J

we have

2
dv € S™4, (3.25)

T
- , 1 1 —
,JnIl/Q]dt:—/ )P,an’u
/O g 9 7 |7 1P (iv)
Let us now state the main result of this section:

Proposition 3.7 Assume (H-1)-(H-2) satisfied and let V' belong to the class V.
Let ¢y € Y1 + &€ be the unique solution of (2.3). Then, 1y satisfies the following
estimates, for all T positive, for all t in ]0,T], A a.e.,

t 1
[r O < 18000+ Ol [ (14 5 ) Toa(o)agds, (3:20)
1

t
”w/\(t)H%ﬂ(Qo) < CHw())\”?‘ﬂ(QO) + C/o (1 + \/ﬁ) ”%(S)Hfrfl(go)ds

t
—// V oy |?ds
0 JQo

t
+C|W§HH2(QO)/O IV (s)llza@) (19Rllz20) + 1¥a(5)llL2(0)) ds. (3.27)

12



Proof. This proof relies on the application of the dissipation relations (3.23)-
(3.24). Taking the L?(£) scalar product of (2.3) with ,(¢), taking the imaginary
part (denoted by &) and integrating over [0, ¢] leads to

07O sy = 13100 — 22 [(G2emen) o e

on;

In order to estimate the non-linear boundary term, we first recast it into, using the
boundary condition (2.11),

[ = - [ ) 3, e f (255
+/t <€_z‘7r/4< ;/2 >%> s, (3.20)
0

Applying (3.23) to ¢, € £ implies

o e o) ) o
0

and it remains to treat the linear terms of (3.29). The first one is estimated by

0
/0 < ;967 > ds </ 193 2 (00) 1900 111 020) 4

while, thanks to (3.22), we have for the second one

t t
—im /4 1/2 < 011, )
[ e (00) ) ds < Bl [ (14 ) 1) lmiagds
This ends the proof of (3.26).

Let us now tackle (3.27). To this aim, we first take the real part (denoted by )
of the L*(€)y) scalar product of (2.3) with 9,1, (¢) and get

n t aw —
IVerB 17200 = [VURIT200) +2> R /0 <a—qf5’t%> ds  (3.30)
j=0 J J

t
—/ / V3t|@/),\|2ds.
Qo

In order to estimate the second term of the right hand side, we define ¢, =
y — 8. This function satisfies the following equation on I'; (see (2.8) and (3.10))

Dipr = —e™/1 D/ (%> —iVirtie™* Y E) xI, TV <% X_fm> . (3.31)
o, on; j

m>1

13



We then have
LN —> B in/4 ofo) D2 (a%)

r —= 0 ds = —R — d

;/0<a77j & j ’ Z /<877] g In; i ’
- Z / <8¢,\ > ds

L Dpy — Opy
—Rie 4N EI < Y > T2 <<—xin> )ds
mz>1 / 677] j on;j j

In the sequel of the proof we shall assume that ¢, € C'([0,T], H'()). If this is
not the case, is suffices to regularize the data, then obtain the estimate for the reg-
ularized solution and pass to the limit in the regularization. We will use twice the
dissipative properties stated in Lemma 3.6. Firstly, since by (3.11) we have ¢, €
HY*((0,T), H"*(Q)), some trace properties imply that ainj@ € HY4((0,T), H/4(T;))
(notice that ¢, € C1([0,T], L*(€Qp)) would only lead to ain@ in HY4=2((0,T), L*(T;)),
Va > 0, which is not sufficient). Hence (3.23) applied to ainqﬁ,\ gives

_%eiﬂ/4/ a¢)x j (%) dSSO
877] on; i
Secondly, thanks to Remark (2.2) we notice that EJ > 0. Thus from (3.25) we

obtain
A T 8%
_p g eim/4 j A 1/2 A <
Rie g E7 /0 <a77j Xm>j A <<8 Xm>j> ds < 0.

m>1

Then we deduce that
t a _
RS / <ﬂam> ds < Ry + Ry + R,
— Jo 3773' ;
J J

where

mer s

Y ‘ . 00y —
atz/u>] Ry = c2j:/0%<anj ¢A>j ds

Ry=R>_ t %aW ds
’ o \On; RN
J J J

and
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Let us estimate Ry, Ry and Rj3 separately. For R;, an integration by parts and
standard trace estimates lead to

t
By < 4]y (Hwﬁr\m) 1 ®) v + € / Hw<s>nm>ds)  (332)

In order to treat the term R,, we set V (¢, z) := > 1j(2)V;(t) and remark that

t — t —
Ry = —%/ Vo - V(Vy) dxds + s/ / APV éy da ds.
0 QQ 0 Q0

Therefore (3.13) gives

1

t _ t - t ~_
o=y [ [ olopvacas—s [ [ 85 Vivds=s [ [ Vo, vV E s
2 .Jo Jay 0 Jay 0 Joy

Straightforward algebra leads to
t t
/0 Q 68|¢k|2deds < C||¢>\(t)”%2(§20) +C/o ||¢)\(8)||%2(Qo)d37
£ t
3 [ [ s@Tdsds < Cluflimag [ 0+ 1V ) 1636 londs
0 Qo 0

t _ t
%/ Vor o VVidrds < C/ 167 (5)[| 71 (o -
0 Qo 0

Since
1o |20y < 93Nl z2(00) + 020 22(00).
we obtain, thanks to (3.26),

t 1
Ry < CIW?H?me) + C/o (1 + \/%) ’\¢A(3)|’§{1(Qo)d5

t
+C||¢§||H2(Qo)/0 IV (s)lz2) (1M1 2200) + 102 ()| 22¢00)) ds. (3.33)

To complete the proof of (3.27), it remains to treat the term Rs3. For this purpose,
we use again the Schrédinger equation (3.13). Taking the L?(Qyp) scalar product of
(3.13) with 9,y", taking the real part and integrating over [0, ¢] leads to

t - t -
Ry = %/ / v O dds + 3?/ / Vor Vouur” duds (3.34)
0 Q() 0 QO

t _ t L
+§R/ / V r OY” duds — 3‘%/ / Sy 0" dads. (3.35)
0 Qo 0 Qo

Straightforward calculations coupled to (3.26) imply
! 1
R ClPiay + Ol [ (142 ) loaG)limands

t (3.36)
+C|W§HH2(QO)/O IV (s)llz2@) (IUAllz20) + [1¥a(5)ll22(00) ds.

15



The proof is complete after gathering (3.33), (3.32) and (3.36). n

4 Local-in-time existence and uniqueness

In this section, we prove that the system (2.3)-(2.5) has a unique local solution. We
use a fixed point argument for the self-consistent V. Starting from a given potential
Vs, we define the application F(Vj) by

CAF(V) =n Vi) = / o VI () 5z €y i F(Vi)lon, =0 (A1)

where 1, [V;] is given by
0y = Ht)wy 3 ¥a(0,))=4) ; €0 (4.2)

H(t) = —A+ Ve(t,x) + Vi(t, x) (4.3)

with V. belonging to the class V. The fact that F admits a unique fixed point for
small times is a straightforward corollary of the following proposition:

Proposition 4.1 Under hypothesis (H-1)-(H-4), there exists a time to such that
the application F is contraction on C*([0,to], L=(2)) N C°([0, o], Hy ().

Proof. For notational simplicity, let
X = Cl([ov tO]a LOO(QO)) N CO([O7 tO]a H&(QO))

We first check that F(X) C X. It is straightforward to see that V' := V,+ Vj belongs
to the class V, so that one can apply the results of Section (3). Since ¥§ € HZ.(Q),
Proposition (3.2) (i) applies and (4.2)-(4.3) admits a unique solution ¥, [V;] € E+y1"
such that, for all ¢ in [0, ¢o],

[ 1l o ) < €02

Furthermore, the embedding H?(Q) < L>(£), for d < 3, implies that n[V,] €
C°([0,to], L>=(£2)) and by (4.1), the elliptic regularity gives

F(V;) € C°([0, to], W*9(Q)) N C°([0, to], Hy (), Vg < o0,
Besides, in order to estimate 0,F(V;), we introduce ny and j, defined by
=10 =SV,
The charge conservation identity yields

Biny + div j, = 0. (4.4)
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By (4.1) and (4.4), 0,F (V;) solves
AOF(Vy) =divJ(Vs) 5 2€Q 5 OF(Vi)log, =0 (4.5)

where
A

Thanks to hypothesis (H-2) and the Jensen inequality, we have

1/2

a0 < € ( [ 1rOlRraa du(A))m ([ 100y )

and the Sobolev embeddings H?(2y) — L>(Qq) and H?(£y) — W1(Qy), for d < 3,
give a bound for J in C([0, to], L%(€2)). This implies, together with (4.5) and standard
elliptic regularity estimates , that 0, F(Vs) € C([0,to], Wy®(Q)). Thanks to the
embedding WH6(Qy) — L>(Qy), for d < 3, we deduce that

O F(Vy) € C°([0, o], L= ().
This proves that F(V;) € X.

We now prove that F is a contraction for ¢y small enough. Given two potentials
Vs and Vj in an open ball of X with radius R, let us denote by ¥, and v, the
associated wavefunctions, belonging to € + 5. We have

A (F(V) = (V) = n(Vy) = n(V2) (4.6)

NG, (F(V2) = F(V2)) = J(Ve) = I(Va). (4.7)

In order to control n(V,) — n(V,) and J(V,) — J(V,), we first estimate the quantity
wy = ¥y — ¥y thanks to the Schrédinger equation (4.2). According to (4.2) and
(4.3), w) solves

iOwy = —Awy + (Vo + Vws + (Ve = V)b 3 wy(0,-) = 0. (4.8)

Since V. + V, € C([0,to], L()) and (V, — V)i € C([0,to], L*(2)), Lemma (3.1)
applies. Then (3.7), (3.8), (3.2) and (3.4) imply

lwa®)]lr2) < Crto [U @) Vs = Villeoo.to), L 0)) (4.9)

loa®lr2) < Crlltm@llVs = Villor o).z 90)) (4.10)
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To estimate the difference n(V,) — n(V,), we take advantage of (3.8) and of the
embedding H?(Qy) — L>(Qp) as well as (4.9), and obtain

(V) = n(Va)ll 20 (1)

< ([ 1+ Bl o ) ([ 1@ >) .
< Cn ([ 1980 ) ([ 1er @120, i >)

< Crto Vs = Villeo(o.tol,L0))
Let us now treat the term J(V,) — J(V,): after straightforward computations and the
use of the embeddings H?(Q) — L>®(Qp), WHT2(Qg) — L>(y) and H?(Qp) —
WL7/2(Qp), we obtain

1T (Ve) = T(Ve)ll 20y ()

<0 ([ 1o+ Dl (1) ) ([ s ())m’ :

Then, a Gagliardo-Nirenberg interpolation inequality, together with (4.9) and (4.10),
leads to

4.12)

13/14 1/14
lwoa®)lwrrrzog < Cllwa®lltiay sl o, (4.13)

1/14
< Crtt/" W3l m@ Vs = Villorouo ooy (4:14)

A\

Coming back to (4.12) and using (3.8), we have finally
17(Va) = T(Vo)llrraga (£) < Crty™ Vi = Villon (ool (@0 (4.15)

We are able now to estimate the difference F(V,) — F(V,) in X. Indeed, from (4.6)
and (4.11) we deduce

| F(Ve) = F(Volleoqo,tol, 52 020)) < Crol|Vs — Villeoo.to),zo (20))-

Next, from (4.7), (4.12) and the embedding W17/2(Qy) — L>®(€)), we obtain
10 F(Ve) = O F (Vo)llooqool,Loeeoy < CAF(Ve) = 0F (Vi)llcoqpo o), wr7/2(00))
< Crte"™ Ve = Villoroaolpeaey  (4.16)

The proof is completed by choosing t; small enough. n
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5 Energy estimate and global existence result

In this section, we give the proof of Theorem (2.5). To this aim, we prove an
energy estimate which allows to extend the local solution of the last section for
any arbitrarily large positive time. The proof crucially uses the sublinearity of the
estimate (3.26).

Consider the local solution v, constructed in the last section. This solution
satisfies the estimates (3.26) and (3.27). Let us define the total energy by

1
€(t) Z/AHwA(t)H?p(QO) du(A) + IV Va1 Z200)-

By integrating (3.26) and (3.27) w.r.t. the measure du and by using (H-3), we
obtain the relations

0l < ¢+ ¢ ([ (142 ) etos) " 1)
€(t) < (J+C/Ot (1 + \/%) €(s)ds
+0 [ Vol (1+ o), ) s 52)

1 t t
+§HVVS(L‘)H%2(QO)—/ / Vsﬁtndxds—/ / V, On dx ds.
0 QQ 0 Q0

To estimate the r.h.s. of (5.2), we need to control the L? norm of V,. For this
purpose, we deduce from elliptic regularity of the Poisson equation with an L!(€)
right hand side, that

IVe@lwir@y) < Clin(lley, — 1<p<3/2

Next, from the Sobolev embedding W1?(Qq) < L1() for g < 33%’1), we deduce that

Vil 22(00) < ClIn |21 (00)-

This implies in view of (5.1), that

t
| Vo) (14 I, ds

cove([ (v 5) €<s>ds)“. 53)

Furthermore, the Poisson equation gives

1 ! 1
0 JQo

19



and an integration by parts with respect to time gives

t t
/ / Veomdrds < CH+ Cln(t)] L1, + C/ 1n(s) || 1 (00)ds
0 Qo 0

§C+O(/Ot (1+ \/%) 6(8)d8>1/2,

where we used (H-4). Therefore, in view of (5.3), (5.4) and (5.5), (5.2) leads to

(5.5)

1 t 1
< - 22 — .
€it) <C+ 2||VV8(0)||L @) T C/O (1 + \/ﬁ) €(s)ds

Since it is clear by (H-4) and the Poisson equation that ||[VV,(0)| 12, < C, a
Gronwall argument leads to the a priori estimate

€(t) < Cr,  Vtelo,T). (5.6)

To show the regularity property announced in Theorem (2.5), we use again the
Poisson and Schrodinger equations. We first notice that, thanks to (5.6), the Poisson
equation (2.5) and the embedding H'(Qq) < L%(Q), we have

n € C°([0,T), WH/2(y)) ;o Je (0, T, L (),
V e C°([0,T), W3/2()) ; o,V € [0, T), WH32(Qq)).  (5.7)
Besides, according to (3.13), uy 1= 0 = Ophn — O} solves

0
i%%:—mu+Vm+@V@—@&OﬁinQ
ux(0,z) =S\ (V)(0, x)
and we obtain directly

10:0x () || 2(20) < [ISA(V)(O, )l z2020) + 10V & 4 OeSA(V)| L1 (0,1),22(020))

The embeddings W13/2(Qg) — L3(), H' () — L%(%) and (5.6) imply that

/A 10V 6512 019 22000 dH(A) < C

and (3.16), (5.7) give
1053 (V) [ L o.m),L2(020)) < C-

Finally, this leads to

J1osaydnn < €. Ve .1
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From the Schrodinger equation A¢y = —i0;p) + Vo) — Sy we deduce that

J 1Ol dun) < €
The proof is completed after noticing that
n€C[0,T], H* () 5 JeC[0,T], H'(R));

which yields, through elliptic estimates, the regularity of V; stated in Theorem (2.5).
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