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ABSTRACT. We investigate the time evolution of spin densities in a two-
dimensional electron gas subjected to Rashba spin-orbit coupling on the
basis of the quantum drift-diffusive model derived in Ref. [2]. This
model assumes the electrons to be in a quantum equilibrium state in the
form of a Maxwellian operator. The resulting quantum drift-diffusion
equations for spin-up and spin-down densities are coupled in a non-local
manner via two spin chemical potentials (Lagrange multipliers) and via
off-diagonal elements of the equilibrium spin density and spin current
matrices, respectively. We present two space-time discretizations of the
model which comprise also the Poisson equation in order to account for
electron-electron interactions. In a first step pure time discretization is
applied in order to prove the well-posedness of the two schemes, both of
which are based on a functional formalism to treat the non-local rela-
tions between spin densities. We then use the fully space-time discrete
schemes to simulate the time evolution of a Rashba electron gas in a typ-
ical transistor geometry. Finite difference approximations are first order
in time and second order in space. The discrete functionals introduced
are minimized with the help of a conjugate gradient-based algorithm,
where the Newton method is applied in order to find the respective line

minima.

1. INTRODUCTION

The purpose of this paper is the numerical study of the quantum diffusive
model for a spin-orbit system introduced in Ref. [2], with the aim of devel-
oping numerical tools for the investigation of spin-based electronic devices.

Diffusive models offer a simple, yet fairly accurate, description of charge
transport and, for this reason, they have a long-standing tradition in semi-
conductor modeling. Classical drift-diffusion equations for semiconductors
[12] were first derived by van Roosbroeck [17], while Poupaud [16] proved
their rigorous derivation from the Boltzmann equation. Quantum-corrected
drift-diffusion equations were proposed in Refs. [1, 7], and were later derived
by using a quantum version of the maximum entropy principle by Degond,

Méhats and Ringhofer [5, 6]. Finally, fully-quantum diffusive equations, still
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based on the quantum maximum entropy principle, were proposed in Refs.
[4, 5]. In view of recent progresses in controlling the electron spin, it is highly
desirable to extend the drift-diffusion description to the spinorial case. The
existing semiclassical drift-diffusion models for spin systems can be classified
into two categories: the two-component models [9] and the spin-polarized or
matrix models [9, 15, 18]. Both models have been used in practice, however
their mathematical derivation is still at the very beginning.

As far as we know, a fully-quantum diffusive model of a spin system has
been first reported in Ref. [2], where a two-component diffusive model for
a 2-dimensional electrons gas with spin-orbit interaction is derived. Such
model, which will be considered from the numerical point of view in the
present work, is based on the quantum maximum entropy principle and
concerns electrons with a spin-orbit Hamiltonian of Rashba type [3]:

H_< —EA4V ah(@x—iay)> O
—ah(d, +i0,) -EA+V )
Here, (z,y) are the spatial coordinates of the 2-dimensional region where
the electrons are assumed to be confined, « is the Rashba constant and V'
is a potential term which may consist of an “external” part (representing
e.g. a gate or an applied potential) and a self-consistent part, accounting for
Coulomb interactions in the mean-field approximation.

The Rashba effect [3, 19] is a spin-orbit interaction undergone by electrons
that are confined in an asymmetric 2-dimensional well (here, perpendicular
to the z direction). Due to this interaction, the spin vector has a preces-
sion around a direction in the plane (z,y), perpendicular to the electron
momentum p = (p,,py), the precession speed being a|p|. Since it does not
involve built-in magnetic fields, and hence may be implemented by means
of standard silicon technologies, the Rashba effect is expected to be a key
ingredient for the realization of the so-called S-FET (Spin Field Effect Tran-
sistor) [19], a “spintronic” device in which the information is carried by the
electron spin rather than by the electronic current (as in the usual elec-
tronic devices). This may lead to electronic devices of higher speed and
lower power consumption. The purpose of this work is to contribute to the
understanding of how the Rashba effect can be employed in order to control
the spin transport in these devices.

Let us summarize briefly the derivation of the here investigated quantum
diffusive model. The starting point is the von Neumann equation (i.e. the
Schrodinger equation for mixed states) for the Hamiltonian (1), endowed
with a collisional term of BGK type

(0eg — (1)),

]
T

ihdso(t) = [H, o(t)] +
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where o(t) = (0;5(t)) is the 2 x 2 density operator, representing the time-
dependent mixed state of the system, and 7 is the relaxation time. Ac-
cording to the theory developed in Refs. [6, 5] , the local equilibrium state
0eq is chosen as the maximizer of a free energy-like functional, subject to
the constraint of sharing with o(t) the local moments we are interested in,
here the spin-up and spin-down (with respect to the z direction) electron
densities ni, ng (or, equivalently, the total electronic density nj + ng and
the polarization n; — ng). Then, the maximizer, which has the form of a
Maxwellian operator, contains as many Lagrange multipliers (chemical po-
tentials) as the chosen moments. These multipliers furnish the degrees of
freedom necessary to satisfy the constraint equations. In our case, there-
fore, the local equilibrium state contains two chemical potential, A; and
Ao, which depend on n; and no through the constraint equations. The
rigorous proof of realizability of the quantum Maxwellian associated to a
given density and current has been obtained in Refs. [13, 14] for a scalar
(i.e. non spinorial) Hamiltonian. By assuming 7 < 1 and applying the
Chapman-Enskog method, the von Neumann equation leads in the limit to
the “quantum drift-diffusive” system (2) for the unknown densities n; and
ng. Apart from the chemical potentials A7 and A, which depend on n; and
ng through the constraint, the system also contains some extra moments,
namely the off-diagonal density ng; and currents J3;, J3;, which are com-
puted via the equilibrium state and which depend on n; and no as well.
Note that, with respect to the original Hamiltonian (1), we shall work with
a scaled version (see the Hamiltonian (5), which contains also the chemical
potential) in which ¢ is the scaled Planck constant and « is rescaled as ca.
This is, therefore, a semiclassical scaling with the additional assumption of
small Rashba constant. Of course, the parameter ¢ is unimportant as long
as we are not interested in the semiclassical behavior but becomes relevant
when we look for a semiclassical expansion of the model for small e.

In summary, the diffusive equations (2), coupled to Egs. (4)—(8) which
represent the equilibrium state and the constraints, and associated with the
Poisson equation (3) for the self-consistent potential, constitute the quantum
diffusive model we are going to analyze numerically in this work. Needless
to say, the model (2)—(8) is rather implicit and involved, and requires a very
careful numerical treatment. The aim of the present paper is thus to present
two discrete versions of (2)—(8), suitable for time-resolved simulation of the
spin densities n; and ne in a spatially confined, two-dimensional electron
gas. In both schemes the finite-difference approximations of the occurring
derivatives are first order in time and second order in space. At the core of

the numerical study of the present model is the minimization of a functional
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that either maps from IR to IR (in the first scheme) or from R?*F to
IR (in the second scheme), where P is the number of points on the space
grid. We present an algorithm that uses a combination of the conjugate
gradient method and the Newton method in order to find the minimum
of the respective functional at each time step. The developed numerical
schemes are used to compute the equilibrium spin densities in a common
transistor geometry which features a spin-dependent potential barrier.

The paper is organized as follows. In Section 2, the continuous model is
introduced and is endowed with suitable initial and boundary conditions. In
Sec. 3 we perform two different time discretizations of the continuous model
and give a formal proof of the well-posedness of each of the two schemes.
Then, in Sec. 4 two fully discrete schemes (i.e. both in time and space) are
introduced and analyzed as well. Finally, Sec. 5 is devoted to numerical
experiments. Details of the proofs and of the discretization matrices are
deferred to the appendices.

2. THE QUANTUM SPIN DRIFT-DIFFUSION MODEL

Let us start with the presentation of the quantum diffusive model introduced
in Ref. [2]. The model describes the evolution of the spin-up and the spin-
down densities n1 and ng, respectively, of a two-dimensional electron gas by
means of the following quantum drift-diffusion equations:

8tn1 + V- (H1V(A1 — Vvs))ﬁ-
+ Oé(Al — AQ) Re(Dn21) — 2« Re(nng(Ag — VS))—
2 .
- ?0‘(/11 — Ay) Im(JE, —iJY) =0,

g + V- (n2V (A2 — Vs))+
+ Oé(Al - AQ) Re(Dngl) + 2« Re(nng(Al — Vs))'i‘
2c

+ ?(Al — Ag)Im(ng — lJle) =0.
Here, V = (0,,0y), D = 0, — 10y, A1 and Ay denote the two Lagrange
multipliers (47 — Vs and Ay — Vs being the chemical potentials), V; stands
for the self-consistent potential arising from the electron-electron interaction
and ng1, J3; and J3, are off-diagonal elements of the spin-density matrix N
and the spin-current tensor J written in (7) and (8), respectively. The
parameter a > 0 denotes the scaled Rashba constant and € > 0 stands for
the scaled Planck constant (for details regarding the scaling we refer to [2]).
The self-consistent potential V; is determined by the Poisson equation,

—72AV, = ny +na, (3)
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where v > 0 is proportional to the occurring Debye length. The system
(2)-(3) is closed through the fact that the electrons are assumed to be in a
quantum local equilibrium state at all times. This constraint allows one to
relate the Lagrange multipliers A = (Aj, A2) to the spin densities n; and
ng as well as to the spin-mixing quantities ng; and Jop, respectively. More
precisely, if H(A) denotes the system Hamiltonian, the equilibrium state

operator is given by

0eq = exp(—H (4)), (4)
where exp(-) here denotes the operator exponential. In the present case, the
Hamiltonian is given by

H(A): D(H) € (L*(Q))* — (L*(Q))*, D(H) C (H*(Q))*,

—g A+ ‘/e:rt,l + A 52@(81 - Zay) )

5
—e2a(0, + i0y) —% A+ Vg o+ Ao (5)

H(A) = (

where Q C IR? denotes the bounded domain where the electrons are assumed
to be confined. Moreover, we introduced two external, time-independent
potentials Vege1(z) and Vegeo(z) for the spin-up and the spin-down elec-
trons, respectively. Assuming that H(A) has a pure point spectrum, the
eigenvalues and the eigenvectors of H(A), denoted by \(A) and ¢;(A) =
(¥} (A),¥?(A)), | € N, respectively, are solutions of

H(A)pi(A) = M(A)hi(4), (6)
and link the Lagrange multipliers to the spin-density matrix N as well as to
the spin-current matrix J, according to

W’ll|2 wlll/’if < ny  No1 )

N = Ze_)‘l = (7)

l WPl [p?)? na1 Mo
Jo Y A A L A
24 VIVYE — PEVYL PEVEE — YRV2

(N Jo1
Jo1  Jo

The formulas (7) and (8) are the standard textbook expressions for the
spin-density and the spin-current, respectively, corresponding to the density
operator (4). The system (2)-(3) is now closed through the non-local rela-
tions N(A) and J(A), given by Egs. (5)-(8). As we do not have a proof
of the invertibility of these relations, in other words whether it is possible
to compute A(ni,ny), the equations (2) can also be viewed as evolution
equations for the Lagrange multipliers A; and A, rather than for the spin

densities n1 and no. Indeed, the two time-discretizations of the system
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(2)-(8), which will be developed in section 3, represent these two possible
viewpoints regarding the evolution equations (2).

Let us now come to the boundary conditions of our problem. The consid-
ered spatial domain © C IR? is assumed to be bounded with regular bound-
ary 0f). We shall impose Dirichlet boundary conditions for the eigenvectors

i,
Pi(x) =0 for =€ 0N,

hence the current across the domain boundary 0f2 is zero. As we will briefly
show at the end of this section, the Hamiltonian (5) is not hermitian in
(L?(92))? when imposing Neumann conditions on the wavefunctions ¢ €
(H?(2))2. The study of this problem as well as the implementation of
transparent boundary conditions can be matter for a future work. The self-
consistent potential V; is supplemented with Dirichlet conditions too,

Vs(z) =0 for x€09Q.

The Lagrange multipliers A; and A, are allowed to vary freely at the bound-
ary, therefore we take Neumann conditions,

V(Ai(z) = Vi(x)) -v(z) =0 for x €00,

V(Az(xz) — Vi(x)) -v(z) =0 for x € 00.
Here, v(x) denotes the outward normal to the boundary 92 at x. As far
as initial conditions are concerned, one has two choices depending on the
point of view of the evolution equations (2). Since we do not know whether
or not (7) is invertible, the safe approach is to provide initial data for the
chemical potentials. However, from the viewpoint of device modeling, it is
more appealing to start from initial spin densities. We shall take the latter

approach and assume that n1(0,z) and n2(0,z) are smooth and bounded.
In summary, we have the following quantum spin-drift-diffusion model,

Otnl + V- (n1V(A1 — ‘/s)) + Oé(Al — Ag) Re(Dngl) (9)

2
— 2aRe(nyD(As — V) — ?O‘

(A1 = A9) Im(J3, —iJ3;) =0,

Oing +V - (TLQV(AQ — Vg)) -+ Oé(Al — Ag) Re(Dngl) (10)

2
+ 2« Re(n21D(A1 — Vs)) + ;(Al - AQ)Im(ng - i‘]gl) =0,
—?AVy =ny +ny, (11)

H(A)i(A) = N(A)vi(4), (12)
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Nyt enen (AP g ) )
l GHAGIA) AP

Jm_—fz N (GHAVERA) — AV () (14)

where the Hamiltonian H(A) is given by (5), and supplemented with the
following initial and boundary conditions,

ni(t=0,2) =nf(z), no(t=0,2)=nI(x) for z€Q,

o~

() =0 for x€0Q,
(

=

((z) =0 for x€0Q, (15)

V(Ai(z) — Vs(x)) -v(z) =0 for x €09,
V(Az(x) — Vi(x)) -v(z) =0 for x € 00.

Let us finish this section, by remarking that the Hamiltonian (5) is not
hermitian in (L2(£2))? when imposing Neumann boundary conditions on the
wave functions ¢ € (H?(Q))2. Indeed, let us consider

[ -= Acbl + (Veata + A1)¢1 +e OéD?l)Q
(H(A)wa X) = / (X17 Xz) 0 dﬂj,

where (+,-) denotes here the scalar product in (LQ(Q))Z. Specifically, let us
look at the Rashba coupling terms,

/ (D> — 2Dy de = — / (DT — DY) dat
Q Q

n /m 021, —i) - v(z) do — /mxwlu, i) () do.

Here, the boundary terms do not vanish when imposing Neumann condi-

(16)

tions. However, if we considered the problem in the whole space = IR?,
the boundary terms would vanish and the Hamiltonian would be hermitian.
Considering the problem in the whole IR? means, from the numerical point
of view, imposing transparent boundary conditions for ).

3. SEMI-DISCRETIZATION IN TIME

In this section we make a first step towards a full space-time discretization
of the system (9)-(15), by discretizing the time domain. The purpose of
the semi-discretization is two-fold. Firstly, since the space discretization
of the present two-dimensional spin model is quite involved, the functional
formalism which will be applied in this work becomes more transparent in
the semi-discrete case than in the fully discrete case. Secondly, in contrast
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to the continuous case (9)-(15), existence and uniqueness of solutions of
the semi-discrete system can be proven. Two different semi-discretizations
will be presented. The first one was studied in [8] for a scalar quantum
diffusive model (without the Rashba spin-orbit coupling). We shall use
some of the techniques elaborated in [8] and apply them to the present
spin model. The second semi-discrete scheme is an explicit one which relies
heavily on the ability to invert the relation (13). Its benefits lie in the fact
that, when passing to the full discretization, its treatment is far less involved
as compared to the first scheme.

In the subsequent analysis, the identities

(A1 — A2)Dnfy; — 208 D(Az) = D(ngy (A1 — Az)) — n§y D(Ar + As), )

17

(A1 — A2)Dnky + 208 D(A1) = D(nk; (A1 — As)) +nb D(A; + As),

will be helpful.

3.1. A first semi-discrete system. Suppose T > 0 and let us discretize
the temporal interval [0, 7] in the following homogeneous way

T
tp =kAt, ke{0,1,....,K}, At:= I
Then, inspired by [8], we choose the following time-discretization of the
continuous problem (9)-(14),
nq(AR+) — pk
ML 9V (AET - V) + aRe[D(nky (A5~ A5
— aRe[nf DA + AL — 2VFH)] (18)

2 .
— AR = AFH) T2 ) = 0,

K1y _ ok
n2( A7) T G (AR - V) 1 o Re[D(nky (AFF — AkFLY)]

At
+ aRe[nk, D(AMT 4 AFTL _ oyk+ly) (19)
4 2?0‘(14’5+1 4B T (2 g2y =0,
Y PAVEH = g (A5H) 4 mg(ARY), 20)
H (AR )+t = Attt (21)

_\k+1 _yk+1
nl(AkJrl) _ Ze A W)ll,k-i-l|2 : n2<Ak+1) _ Ze A |¢12,k:+1|2 ) (22)
l l

In this scheme one searches for the unknowns (A1, VF+1) given (N*, J5)).
The main difficulty concerning the solution of this system are the non-
local relations (21)-(22). We shall thus construct a mapping (A4,Vs) €
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(HY(Q,R))? — F(A,V;) € IR whose unique minimum (A**1 VF+1) is the

solution of system (18)-(22). Once A**! and the eigenvalues )\fﬂ respec-

tively eigenvectors wlkH are known, Eqgs. (13)-(14) can be used to compute

(NF+L Jé“frl) and the process can be repeated. Let us thus introduce the

two functionals
G:(L*(QR)* >R, F:(H'(Q2R)’ >R,
defined by
G(A):=> e Ae(IX(QR))?, (23)
1
where \;(A) are the eigenvalues of the Hamiltonian (5), and

F(AVs) = G(A) + Fu(A, Vi) + Fa(A, Vi) + F3(A, Vo) + Fa(A), - (24)

where
A A
Fi(A V) = ;/ KV (A1 — Vo)|? do + ;/ 5[V (As — V)P de, (25)
0 0
2
FaAV) =T [ Vo + 4y -V (i Aa -V, (20
Q
fg(A, Vg) = aAt Re {/ ngl(Al — AQ)D(Al + AQ - 2‘/;) dl‘} s (27)
0
oAt 20 121k 2Lk
Fi(A) = ?Im (A1 = Ag)*(Jy " =iy ") dx 5 . (28)
Q

The computation of the first and second Gateaux derivative of the func-
tionals (23)-(28) can be found in Appendix B and C, respectively. One can
immediately see that a solution (A*+!, VA1) of the semi-discrete system
(18)-(22) satisfies

AF (AL VYA, 6V,) =0,  Y(64,6V,) € (HY(Q,IR))3,

and inversely. Thus, it remains to show that F has a unique extremum
(minimum). This can be achieved in two steps, as it is detailed in Appendix
C. First we show that, under suitable assumptions, the functional F is
strictly convex. Then it is sufficient to show that F is coercive to obtain
the existence and uniqueness of the extremum (A*+1, VSkH), solution of the
system (18)-(22) (see Appendix C).

3.2. A second semi-discrete system. We suggest here an alternative way
to discretize in time the quantum drift-diffusion model (9)-(15). It is based
on the point of view that one advances the spin densities in time, rather
than the chemical potentials. We shall implement an explicit forward Euler
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scheme:
Pk o b ok T
AL + V- (i V(A — V7)) + aRe{D(ny (A7 — A3))} (29)
2
— aRe(nng(Alf + AIQ’“ — 2V5k)) - ?Q(Alf - Ag)Im(ng’k - Ugik)
n]§+1 —nb k k k k Ak k
At + V- (ngV(A3 — V7)) + a Re{D[ns, (A7 — 43)]} (30)

2
+ o Relnf D(A] + A5 — 2VE)] + == (AF - A5) Tm(J5" — i)

=0,
—V?AVF = nf +nf, (31)
H(A" )Y = Np (32)
N=Y e[ L] (33)
2k 1k 2,k 2
l le wl Wl |

I == > e (vl -yt (34)

l

In this case, given the spin-densities (n¥,n%), one first uses the Poisson
equation (31) to get V¥, then inverts the relations (32)-(33) in order to
get the chemical potentials (A%, A%). Finally one advances in time, using
the drift-diffusion equations (29)-(30) in order to get the new spin densities
(n’f+1,n§+1), and then one repeats the steps. The inversion of the non-
local relation (32)-(33) can be achieved by minimizing the functional G, :

(L?(2,IR))? — IR, defined by
Gn(A) == G(A) + / nf Ay dr + / nk Ay dx (35)
Q Q
Indeed, the first derivative of this functional reads

4G, (A)(64) = — 3 e~ M) / (6 (A) 264, + [V2(A)264s) da

I Q

(36)
+ / nk§ Ay da + / nks Ay da
Q Q

which clearly implies that its zeros are solutions of (32)-(33). As shown in
Appendix B, the functional G, is strictly convex and coercive, admitting

hence a unique extremum.
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Remark 1. The two semi-discrete systems presented in this section con-
serve the total mass (n1 + ng) because of the particular choice of Dirichlet
boundary conditions for the eigenvectors 1 of the Hamiltonian (5). This
can be obtained by integrating the sum of the semi-discrete drift-diffusion
equations for ny and na, Eqgs. (18)-(19) or (29)-(30), respectively, over the
domain ). The remaining boundary term is of the form

/ ngl(Al — Az)(l, —Z) . I/(l‘) dO‘,
o0

which does not vanish for Neumann boundary conditions. This is in ac-
cordance with the remark at the end of Section 2, where we showed that

Neumann conditions for 1 lead to a non-hermitian Hamiltonian (5) in

(L))

4. FULLY DISCRETE SYSTEM

This section is devoted to the full discretization of the continuous spin QDD
model (9)-(15). The time discretization was done in the previous section,
now we focus on the space discretization. Let € Q = [0, 1] x [0, 1] with the

discretization

ZL‘Z]:((]—l)AZE,(Z—l)Ay), j€{172a"'7M}? iG{l,Q,...,N},
1 1
Ay = —.
M—1’ YN

For functions f(z) on Q we write f(z;;) = fij. A function f(z) that is
subject to homogenous Dirichlet boundary conditions on 0f) satisfies

Az =

fij=fn;j=0 Vje{l,2,....M}, fu=fim=0 Vie{l,2,...,N}.
We introduce the following index transformation,

(t,7)—p ¥V ie{2,...,N—-1}, 5¢€{2,...,.M —1},
defined by

p=(N-2)(j-2)+i—-1, p=1,...,P, P:=(N-2)(M-2).

N-1,M~-1

For discrete functions (fi;); ;—5 in Q the following vector notation will

be implemented:
f= (), ech. (37)
The corresponding euclidean scalar product is denoted by

N-1M-1

(f.9)p = DAy > fog, = AzAy > D fis -
P

i=2 j=2
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4.1. A first fully discrete system (scheme 1). The discretization ma-
trices D, Dyi, D, D,, D,, Dy and Ag;, used in the following, are defined
in Appendix D. In view of the boundary conditions (15), we choose the

following space discretization of the semi-discrete system (18)-(22),

ﬁ104§+1w45+1)

At
1 T 10k
_'i(L%) [nlo
1

— (D) At o

DI[ak o (AR+T — /1]2”1)]} +aRe {z

Dy (AFT +

—_pk R N N
T2 AR o T 2 i P (35)
R R 1 o R
D (A = V] = 100 ik o Dy (AF - V)
R R 1 o o R
Dy (AT = V)] - 5 (D)) [y o Dy (APH = V]

Dy, o (AF+ - Ag+)}

Ak+1
A5 —

201

+aRe i o [Dy(AfT + ASH! — 2ng+1)]} =0,

ﬁ2(ﬁlf+1,f§+1) —ak N 2?04(21'1““ — ABHY o Tmn(J2VF — 1 j21k) (39)
— (DYl o DF(ASH — V)] = (D7) Tk o D (A§F — V1)
— (DYl o D (A5 — V)] = (D) Tk o Dy (A§F — V1)
W Re { DTk, o (AM+! - A’;“)]} +aRe {if)}j [k o (AFH! — A'E“)J}
faRe {ﬁ'§1 o [Dy(AF+! 4 Ab+1 2‘2’““)]}
— aRe {ink o [Dy(AfT + A1 — 20 ]} —o,
AT = (AL AR 4 (AL A, )
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ﬁl(Alf+1,A§+l) _ Zef)\fﬁquZ}lLk-i-l Oqz]ll,k-i-l’ (42)
1
o, ~ kL oA 57T
nz(Alf"_l,A’QH'l) :Ze A ?’k'Ho l2’k+1, (43)
l
N X\ 22k 1k
sy =Y e Pt oy, (44)
l
sok ie Y f2ky  TLE 2k W
it = =53 e D@y o b F i e Do) (a5)
!
Sy k e Y soky Tk 52k Tk
ng :_5 e N [Dy(d’l )O@Z)l _wl ODy(dh )] (46)
!

(192

Here, the operator “o” symbolizes the component by component multiplica-
tion of two vectors in C* and the Hamiltonian H(A**1) is given by

H(Allﬂ-l-l’Ag-‘rl) _

—Z Agiy + dg(Veges + AVFY) e2a(Dy — iDy)
—2a(D, +iD,) —5 Dgir + dg(Vear2 + A5H)

(47)
where dg( f ) stands for a diagonal P x P matrix where the diagonal elements
are the components f, of f. The scheme (38)-(46) is consistent with the
continuous model (9)-(15). It is of first order in time and of second order
in space. Due to its rather implicit nature, the scheme (38)-(46) is not
subjected to any stability condition. The solution (fl’f“,ﬁg“,‘zk“) of
the system (38)-(46) is the minimizer of the following discrete functional
j':(Al,AQ,‘A/S) : IR?’P — IR,

F(Ar, Ao, V) : = G(Ay, Ag) + Fi(Ay, Ao, Vo) + )
+ Fo(Ar, Ao, Vi) + Fs(Ar, Ag, Vi) + Fa(Ar, As)
where
R 2P o
G(A1, Ay) := Z e~ N(ALA2) (49)
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. At . A
L(Av, Az, Vi) = = [ o D (A1 = V), DF (Ay = Vi)
+(nf o D, (Ar = Vi), D, (Ay = Vi) p + (0 o D (Ay = Vi), D (Ay = Vi) p
+(A o D (Ay = Vi), D, (A = Vi))p + (5 o D (Ay — V2), Df (A3 — Vi) p
+(f5 0 Dy (Ay — Vi), D, (Ag = Vi) p + (A 0 D (Ay — Vi), Df (A3 — Vi) p
+(7 o Dy (Ay — Vi), Dy (Ay = Vo))p| (50)
Fo(Ay, Ag, Vi)« = (ak, Ay — Vi) p + (R, Ay — Vi) p
2
v by by by by
+ 5 (D2 DI+ DV DYVR]
N M
Ay 9 Ax 9
+A—xi_ X/SJ-MJFAy;V
fg(/ll,/lg, ‘75) = aAt Re |:<’fl]2€1 o (Al — Ag),ﬁx(fil =+ AQ — 2VS))P ( )
52
—1 (ﬁgl o (A1 — Ag), Dy(Al + AQ — 2‘/8))P]
~ o s aAt . - A P o
Fa(Ar, Ag) = 2= T [ (A1 = Ag) o (A1 = Ag), J2F —iJ24) T (53)

and the further discretization matrices D2 and Dg are also defined in Ap-
pendix D. Using the relation

—(Ve, Agir Vi) p = (DEV, DEVL) p + (DEV:, DYV, p

N M
Ay 9 Az 9 (54)
+ M;VMM + Ay;‘/s,va

it can be readily verified that a solution (A¥t1 AETL VE+1) of (38)-(46)
satisfies

AF (AR AL VR (GA 6V,) =0 V(8Ay,049,0V,) € RPP.

4.2. A second fully discrete system (scheme 2). We chose the follow-
ing space discretization of the forward Euler scheme (29)-(34):
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CEl ok
ny -y 20 4 g 21k 321k
ML SR A o Tm( 2 - 2

1 ) e 7 1,
- i(D;f)T[nlf o D} (A} = V)] - 5(D

(D5 )Tk o Dy (A - V)

1 ) e 7 1,
- i(DJ)T[nlf o D (A} = V)] - 5(D

(D )Tk o D (A - V)

— aRe { D[y o (Af — A5)]} + aRe {iD] [, o (4} - 4%)]}
— aRe {fz’gl o [Da(A} + Af — 2@)1} +aRe {m21 o [Dy(Ak + Ak — 2@]}

=0, (55)

Skl ok
T —n2 200

X : —(AY — A§) o Tm(JHF — i 2y

— S (DF)T Tk o DF (A — VY] — (D7) o D (A — V)]

T T

— (D)l o D (A% — VY] — (D)7 o Dy (A — V)]
—aRe {D [k, o (A — A’g)]} +aRe {zD Ak, o (AF - A’;)]}

+aRe{ihy o [Da(Af + 45— 20)]} — aRe {inhy o [Dy(Af + 45 - 201)]}

=0, (56)
— Ay VE = 0k 4 ak (57)

z;1,1<; “1,k

~ ~ l l

HALAS) [ =2 o, |- (58)

(S I

~ Xk 21k 21,k ~ Xk 22k 72,k
f =Y e Mgt Al =) e NP ot (59)
l l
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A i€ _ - %
it = =S e [ Dup) ot =i o DN . (61)
l
1€ _ ~ 1. ~ 1
B =-S5 e D) b — it oDy ()] . (62)

l

Here, the Hamiltonian H is the same discrete Hamiltonian (47) as in the first
fully discrete scheme. Clearly, the scheme (55)-(62) is consistent with the
continuous model (9)-(15). It is of first order in time and of second order in
space. A drawback of the explicit nature of the forward Euler scheme (29)-
(34) is that its full discretization is not unconditionally stable, as compared
to the implicit scheme presented in the previous subsection. Rather, the
space-time grid must be chosen in such a way that a CFL condition is
fulfilled.

The solution of this scheme requires the inversion of the non-local relation
(58)-(59) at each time step. For this let us define the discrete version G, :
R?” = IR of (35),

én(z[h,zzb) = 3(121171212) + (A%, A p + (A5, Ag)p. (63)

It can be easily verified that the first derivative of this functional is given by

dé\n(AAl, AQ)((SAl, (5/12) = (— Z eikf@;ll’k o l&ll oo + n1 , (5141)
l S

-}-(-Z —Alw2ko¢?k+n275A2> ,
P

l

whose zeros are hence the solutions of (58)-(59).

Remark 2. It should be noted that numerical tests performed in Sec. &
convinced us that the forward Fuler scheme presented in this subsection was
better suited for a mumerical solution of the spin QDD model than a Laz-
Friedrichs scheme. In fact, the latter was found to be unstable in the regarded
test cases. This is quite surprising since the Eqgs. (29)-(30) contain a term
of conservative form V - (njVA;). Therefore, appropriate discretizations
for conservation laws [11], such as Laz-Friedrichs, should be used to ensure
numerical stability. Moreover, the forward Euler scheme is unconditionally
unstable for (linear) equations in conservative form. An explanation for the
observed stability can be given by regarding the Lagrange multipliers A; =
AS(n1,m2) in the semi-classical limit e — 0. As described in [2], the correct

semi classical expansion reads

2A\/ﬁ
6 v,

A5(n1,n2) = —logn; +

(e%a%). (65)
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Therefore, in the limit € — 0, the conservative term reads
V-(nmiva) o % — V- (n;Vlogn,). (66)

Hence, for small ¢, the Egs. (29)-(30) resemble a heat equation or a drift-
diffusion equation, respectively, where the diffusive term is written in the
non-standard form (66). In this case the forward Euler scheme is stable
with respect to a CFL condition of the form At < dAz? for some constant
d.

4.3. Initialization of scheme 1. As was briefly mentioned in Sec. 2, a
natural way to initialize the system (38)-(46) would be to start from given
initial chemical potentials fl(l) and flg, compute the corresponding spin- and
current densities and subsequently begin the iteration. However, from an
experimental point of view it is more appealing to start from the initial
spin densities 79 and 79. The problem in the latter approach is the lack of
information about the initial spin-mixing quantities ﬁgl, jle’o and jgl’o, which
are not directly related to the spin densities. At ¢ = t¥ it is thus necessary
to do a half step of scheme 2, which means to minimize the functional (63)
in order to obtain the chemical potentials corresponding to the initial spin

densities 7Y and 7. One can then proceed according to scheme 1.

5. NUMERICAL RESULTS

This section deals with the numerical study of the two fully discrete schemes
which were introduced in the previous section. The developed algorithms
were implemented in the FORTRAN 90 language. Eigenvalue problems were
solved using the routine ’zheev.f90’ from the LAPACK library. The solution
of scheme 1, equations (38)-(46), was achieved by minimizing the discrete
functional (48) at each time step ti, k > 0. At ¢y the system was initialized
as detailed in Subsec. 4.3. Each minimization problem was solved by a
conjugate gradient method in the parameter space IR*? (or IR?? for scheme
2, respectively). We denote vectors in the discrete space by capital letters
X e R, X = (211,212,‘75), and by Vx we denote the gradient in the
discrete space. In what follows the dot ’-’ stands for the usual euclidean
scalar product in R3”. In order to find the line minimum of V X]? - Yy,
where Y,, denotes the search direction (|Y,,| = 1) during the n-th step of the
conjugate gradient scheme, a Newton method was employed. The derivative
of V X]? -Y,, in the direction Y,, was computed numerically with a forward
discretization and the small step size en7 = 1073,

, _ VXF(X +enrYn) Y, — VxF(X) Y,
ENT '

(VxF(X)-Y)
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The same method was applied to the functional @\n in scheme 2. The New-
ton method was considered converged when |VxF(X) - Y,| < 10710, We
established two convergence criteria for the conjugate gradient method. On
the one hand, we demanded that the total mass was conserved up to a
factor 1072 On the other hand, using the notations X = (x;)?f, and
VxF = ((912.]?)?51, we demanded that

max |8x1.7?| <1073,
(2

Again, the same criteria were applied for the functional én in scheme 2. The

k+1

time evolution was assumed to have converged if ‘n1(2)

- nlf(Q)\/At was less
than 10~! at each grid point.

Our aim is to test the developed numerical schemes in a typical transistor
geometry, depicted in Fig. 1. We expect to obtain equilibrium charge- and
spin-distributions for such a device. The source electrode of the transistor
is located in the upper left corner of the domain, being held at a fixed
potential-value Vezr g = 0. The drain electrode is opposite to the source in
the upper right corner with a fixed potential-value Vezr p = —2.0. The gate
electrode, held at the fixed potential V.1 ¢ = —3.0, is centered at x = 0.5
at the upper boundary of the domain. The values chosen for the electrode
potentials are typical ones for a transistor in the on-state (current flowing
between the source and the drain).

The transistor environment described above manifests itself in the two
spin-up respectively spin-down external potentials V.. 1 and V.. 2. Prior to
starting our simulations, these potentials were computed from the Laplace
equation using a Gauss-Seidel scheme, where the fixed values Veyt s, Veur,D,
Veat,c entered as Dirichlet boundary conditions (Neumann conditions were
used at non-electrode portions of the domain boundary). On top of that we
added a potential barrier of height 2.0 and thickness 0.1, which is centered at
x = 0.5, and which exists only for spin-up electrons (index ’1’). The barrier
was thus added to Vezs,1 only. The potentials Vg1 + Vi and Vegio + Vi at
the starting time ¢y are depicted in Fig. 1.

Once the starting potentials Viz1 and Vg2 have been determined, we
are interested in the evolution of given initial spin distributions n{ and n9
in the prescribed transistor environment. For the initial spin densities we

choose two Gaussians centered at (x,y) = (0.5,0.5),

n[l)(a:,y) = L(l.o + pol) exp (_ (x — 0.5)2 B (y — 0‘5)2> |

0.127 0.06 0.06
(67)
(r—0.5)2  (y—0.5)

1
"g(x’y):0.127r(1'0_p0l)eXp<_ 0.06  0.06 )
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Transistor geometry

0.8
0.6 Source

0.4

0.2/Spin-dependent
barrier

FiGURE 1. Diagram of the transistor geometry used in the
simulations and the initial potentials Vi = Vez1 + Vi and
Vo = Vgt 2 + Vs in that geometry at t = t0.

Here, pol denotes the parameter of the initial spin polarization which was
set to pol = 0.5. The initial data for ny and ng were discretized according
to the conventions at the beginning of section 4. The initial total mass of
the system was 1.0. The parameters of the space-discretization (for scheme
1 and for scheme 2) were chosen as

N=21, M=21, Az=005 Ay=0.05.

Employing the initial conditions (67), the numerical solution of scheme 1
and scheme 2, respectively, was carried out for values

a=0.1, e=0.1, (68)

of the scaled Rashba constant « and the semiclassical parameter e, respec-
tively. The respective time steps were

schemel: At=1.0x10"2, scheme2: At=05x10"%.  (69)

We note that in scheme 2 the CFL condition imposed a rather small incre-
ment on the time discretization.
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(a) Scheme 1: At =1.0 x 1072,
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(B) Scheme 2: At =0.5 x 107%.

FI1GURE 2. Time evolution of the electron density n = ni+ns
in the transistor geometry depicted in Fig. 1.
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(A) Scheme 1: At =1.0 x 1072
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(B) Scheme 2: At =0.5 x 107

FIGURE 3. Time evolution of the spin polarization n,, =

n1 — neo in the transistor geometry depicted in Fig. 1.
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(A) Scheme 1: At = 1.0 x 1072,
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(B) Scheme 2: At =0.5 x 107%.

FIGURE 4. Time evolution of the chemical potential A; in
the transistor geometry depicted in Fig. 1.
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(B) Scheme 2: At =0.5 x 107%.

F1GURE 5. Time evolution of the chemical potential Ay in
the transistor geometry depicted in Fig. 1.
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The simulated time evolution of the spin density n = ni + ns, the spin
polarization n,, = ni1 — ng, the chemical potential A; and the chemical
potential Ay are depicted in Figs. 2-5 (all plotted data was interpolated
to a grid of 128 x 128 points using the MATLAB routine “interp2.m”). In
each of these Figures the results obtained from scheme 1 are compared with
those obtained from scheme 2 during a time span of 8.0 x 1072, Let us
briefly explain what is observed, starting with the evolution of the electron
density n = n1 + ne depicted in Fig. 2. At k = 0 one identifies the initial
Gaussian, given by (67), which, as time evolves, is gradually split into two
parts because of the potential barrier located at the center of the transistor,
c.f. Figure 1. As one approaches the steady-state (at k = 8 for scheme 1 and
k = 1600 for scheme 2) the electron density has its maximum in the vicinity
of the gate and the drain electrode, which is the region where the electron
potential V., + Vs has its lowest value. The region where the potential
barrier is located shows a reduced electron density. This can be attributed to
the positive barrier height “seen” by spin-up electrons, which impedes these
electrons from entering (crossing) this region. Spin-down electrons are much
less affected by the barrier, which becomes more transparent when regarding
Figs. 4 and 5 for the respective chemical potentials. A first observation is
that gradients of A; and of Ay are gradually reduced when approaching the
steady-state. Moreover, one clearly observes the barrier in the Lagrange
multipier Ay, while in A, it is completely absent. Since each Lagrange
multiplier depends non-locally on both spin densities, A; = A;j(n1,n2), one
would expect the barrier for the spin-up electrons to have some influence on
Ag, which is not observed in Fig. 5. The reason for this is the smallness
of the parameters ¢ and «, c.f. Eq. (68). According to the semi classical
expansion (65), for small ¢ and « the Lagrange multiplier A; is close to a
function of n; alone.

We now turn to an interpretation of the obtained spin polarization ny,
depicted in Fig. 3. A pattern similar to the one for the spin density evolves;
however, n,, becomes negative in the region where the potential barrier
is located. This is again due to the positive barrier height, which leads to
ng > nj in the respective region.

As far as the performance of the two schemes is concerned, the explicit
scheme 2 is to be preferred over the implicit scheme 1. The former has the
advantage that the functional (63), which is to be minimized at each time
step, is defined on the parameter space IR*”, as compared to the parameter
space IR*"" on which the functional (48) of scheme 1 is defined. Considering
that, for each search direction in the conjugate gradient method, one has to
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solve around 2-10 eigenvalue problems (by then the Newton method has usu-
ally converged), a lower-dimensional parameter space significantly reduces
the computational cost. However, the CFL condition on the forward Euler
scheme prevents a resolution of the model that is considerably faster than
with scheme 1, c.f. the difference in the time steps (69). Both schemes are
of order 1 in time. For comparable computational cost, scheme 2 is thus
preferred over scheme 1 because of the better accuracy, which explains the

(small) differences observed in the Figs. 2-5.

6. CONCLUSION

In this work have carried out a numerical investigation of the quantum
diffusive spin model introduced in Ref. [2] and summarized in equations (9)-
(15). We formally proved (under suitable assumptions) the existence and
uniqueness of a solution of two time discrete versions of this model, on the
basis of a functional argument. Furthermore, finite difference approxima-
tions of space derivatives resulted in two fully discrete schemes which were
later applied to simulate the time evolution of a Rashba electron gas con-
fined in a bounded domain and under the influence of a prescribed external
potential. The first scheme is implicit and advances in time the spin chemi-
cal potentials, whereas the second scheme is forward Euler and advances in
time the spin-up and spin-down densities, respectively. The second scheme
is subjected to a CFL stability condition, which results in the use of a con-
siderably smaller time step as compared to the implicit scheme. Our results
show that the quantum drift-diffusion model considered here, can be applied
for the numerical study of spin-polarized effects due to Rashba spin-orbit
coupling and, thus, appears to benefit the design of novel spintronics appli-

cations.

APPENDIX A. PERTURBED EIGENVALUE PROBLEM

This section is devoted to the computation of the derivatives dA;(A)(5A)
and dy;(A)(6A) of the eigenvalues and eigenfunctions, respectively, of the
Hamiltonian (5), when a small perturbation J A of the chemical potential A
is applied. Let us define
JA; 0
SH = : (70)
0 04

and start from

(H +0H) (¢ + dyy) = (N + dN) (¢ + dify) (71)
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where H denotes the Hamiltonian (5). Using Hi; = A3, one obtains, up
to first order in the variations,

Hdyy + 0Hyy = Ndpy + dA\y . (72)
Taking now the scalar product with 1, and using the orthonormalitiy of the
eigenfunctions,
(rst)ze = [ (0] + 0D do = b (73)
one obtains
(v, Hdhr) 2 + (b, 6Hn) 2 = (g, dipr) 12 + d N0 - (74)
Since H is hermitian we have
(i, Hdipy) 2 = (Htpg, dipr) 2 = N (v, dtdi) 2, (75)
and (74) can be written as
(Vr, 0H ) L2 = (N — M) (Yr, dey) L2 + AN - (76)

For | = k£ we obtain
AN(A)(BA) = (4, 5H) 2 = /Q ([6H(A) 264, + [W2(A)264s) dz,  (77)

and for [ # k, assuming that the spectrum of H is non-degenerate, i.e.
A\ # A\, for [ # k, one obtains

(g, diy) L2 _ WM -

Al — Ak
Since (78) is the projection of di; on the k-th basis vector of the eigenbasis

(78)

of H we may write

A A)(64) = N (Uw OH )2 = (79)

Z)\l vall )\k )/ (wli(A)@Tll(A)&Al+¢13(A)¢72(A)5A2) dz .

APPENDIX B. THE FUNCTIONALS G AND G,

This appendix is concerned with the study of the functionals G : (H'(Q,IR))? —
IR, introduced in (23), and G, : (H'(©2,IR))? — IR, introduced in (35). The
map G is Gateaux-derivable and its first and second derivatives in the direc-

tion 6A = (0 A1,0A3), read

4G(A)(54) = = 3 e M) /Q ([0 (A)P6AL + |97 (A)P6A2) da,
l

-\ 2
a%g( Z c ( / Yyt 0 Ay d + / Y2 5 A, dx) .
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Let us present the detailed computation of the second derivative. We have

G(A)(5A) = — 23 e /Q Re (J}dwll(ml + dezp?a@) dz
l

(80)
+ Ze_’\ldAl/ ([0} [P6A1 + [W7*6As) dx.
. Q
Let us define the following integrals,
I = / Vit 0 A da I = / VP2 § Ay . (81)
Q Q
Remark that from (77) one deduces
dy =1+ 1Y (82)
Thus, the second line in (80) can be written as
2
S e (I{’ + Igl) . (83)
l
Moreover, from (79) one obtains
1
] B (nt )
Al — Mg
k£l
(84)
kl
dyf = ZA_M( + 151
k£l

and therefore we have
. _ 1 2
LAyl 6 A + 2du?s Ay ) da = § j J iy 1 I
/Q<z i iy ) k#/\l_)\k(l 2) (85)

The right-hand-side of the first line in (80) can now be written as

Y Y () = Y T () s)

1 k#l 1k, I#k

Adding (83) and (86) together and making the convention

A o=k
l=Fk: ﬁ — e N , (87)

the second derivative of G(A) becomes

e I e () I

As a consequence, the map G is Strlctly convex. As far as G, is concerned,
we formally obtain

Gn(A) = Z e~ M) +/ nk Ay dr + / nk Ay dx

1 Q Q

(89)
> e () —I—/ nk Ay do + / nk Ay dx 00
Q 0 [|A1][ 2+ A2|[ 2 —o0




28 L. BARLETTI, F. MEHATS, C. NEGULESCU, AND S. POSSANNER

where \1(A) stands for the smallest eigenvalue of the Hamiltonian H(A),

A(A) = ¢e(gl}&))2(H(A)¢, b), o2z = 1. (90)

We are then let to the conclusion that G, is strictly convex (as its second
derivatives coincide with those of G) and even coercive.

APPENDIX C. THE FUNCTIONAL F

In this appendix we are concerned with the convexity and coercivity of
the functional F, given by (25)-(28), in order to show that under some
assumptions F admits a unique minimum. The first and second Gateaux

derivative of the functionals (25)-(28) are given by

AFL(A, V,)(5A,8V,) = — At / V. (b (AL — V) (0A1 — 3V,) da
(9]

At / V- (nbV(As — V2))(842 — 6V3) d,
Q

RFL(A, V) (0A, V) = — At / V- nhV(5A; — 6V)|(0A1 — 6V) da
Q

— At/ V- [nEV (645 — 6V,)](6A — 6Vy) dx
Q

_At/ nk|V(64; — 6V, |? dx + At/ nk|V(6Ay — 6V, da
Q Q

AF2(A, Vo) (54, 6V5) = — 2 / AV,oVy do — / (nk + nk)sV, der
Q Q

- / nksA; dx + / nks Ay da
Q Q

A2 Fa (A, Vy)(6A, 6Vs) = —~2 /
Q

(A3V.)3V.do =? [ [VoVi[de,
Q
d]:g(A, ‘/s)((;A’ 5‘/8) = — aAtRe {/ D[ngl (A1 - Ag)](5A1 + 0Ay — 26‘/3) dCC}
Q

+ aAtRe {/ nglp(Al + A —2V5)(0A1 — 5 A9) d:n} ,
Q

d2F3(A, V,)(5A,5V,) = 2aAt Re { / nk D(GA; + 645 — 26V,) (5 A1 — 5A3) dx} ,
Q

200At

dF4(A)(0A) = 5

Tin { [ = (64— 55y 24 i dx} |

d>F4(A)(0A) = QiAtIm { / (0A1 — 0Ag)* (M — i 2hFk) da;} :
Q
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To show that F is strictly convex, it is sufficient to show that
d*F (A, V5)(0A,6V,) >0, V6A,6V.

One can see immediatly that the terms corresponding to G, F; and F» are
positive. Nevertheless, nothing can be said about the sign of the terms
corresponding to F3 and F4. Assuming on the other hand that ¢ is a small
parameter, which is a physical hypothesis, one can incorporate these latter
terms in the former ones. Inspired by a formal proof in [2], we may assume
that

e~ AT — ¢= 43
ngl = (’)(52) , Im(J%l’k — inm’k) = 2C€Q7Ak yu: + 0(83) ,
2 — A1

for some constant ¢ > 0. We remark, then, that the dominant term in d*F;,

4ca’At / (64, — 5A )267%_6%%
ca - ———dz
o 2 Ak Ak

is positive.
Concerning the coercivity, it is enough to show that

[ F(A, Vo)l

AN g1+ Vs g1 —o0

In [8] this property has been shown for the first terms X' := G + F; + Fa, by
proving that if | X (A, Vs)| < ¢ for some constant ¢; > 0, than there exists a
constant co > 0 such that ||A||g1 4| Vs|| g1 < c2. We can adapt this result in
the present case, by assuming again that € is a small parameter. Indeed, one
can again incorporate the new terms F3+ F4 in X', by proving the existence
of some constant C' > 0, such that

ClX(A, V)| < [F(A VL)l

which proves coercivity. Thus, the functional F, being strictly convexe and
coercive, admits a unique minimum.

APPENDIX D. DISCRETIZATION MATRICES

Let us present here the discretization matrices used for the fully discrete
systems (see Section 4). Let 1 stands for the (N — 2) x (N — 2) identity
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matrix. Then we have the following discretization matrices:

-1 1
0 -1 1
Dizé GIRPXP7
0 -1 1
0 0
0 0
-1 1 0
D;:Alx e R7*P,
-1 1 0
-1 1
1 % 1 il
D;:A—y : D‘:A—y
df d
D/, D, e R"*F,
-1 1
0 —1 1
d = e RIV-2x(N-2)
0 -1 1
0 0
0 0
-1 1 0
d; = e RIV-2x(N-2)
-1 1 0
-1 1
Bx:DjJrD; 5 :Dy++Dy*
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Agir = A+ AV e RPXP

—21 1
1 21 1
1
Ax — c RPXP )
(Az)?
1 -21 1
1 —21
Ly
AY = 1 c RPXP
(Ay)?
Ly
-2 1
1 -2 1
ly = E IR/(N72)><(N72) ,
1 -2 1
1 -2
0 1
-1 0 1
D= e R
T 9Ax ’
-1 0 1
-1 0
dy
Y 2Ny : '

31
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0 1
-1 0 1
dy: 6R(N*2)X(N*2)7
-1 0 1
-1 0
1 0
-1 1 0
Db — i .. .. .. e RPXP
xT A:E . . . .
-1 1 0
-1 1
b
dy
Db — L c IRPXP,
Ay )
dy
1 0
-1 1 0
dzz G]R(N_z)X(N_2),
-1 1 0
-1 1
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