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Abstract

Asymptotic quantum transport models of a two-dimensional electron gas
are presented. The starting point is a singular perturbation of the three-
dimensional Schrodinger-Poisson system. The small parameter ¢ is the scaled
width of the electron gas and appears as the lengthscale on which a one dimen-
sional confining potential varies. The rigorous € — 0 limit is performed by pro-
jecting the three dimensional wavefunction on the eigenfunctions correspond-
ing to the confining potential. This leads to a two-dimensional Schrédinger-
Poisson system with a modified Poisson equation keeping track of the third
dimension. This limit model is proven to be a first-order approximation of the
initial model. An intermediate model, called the “2.5D adiabatic model” is
then introduced. It shares the same structure as the limit model but is shown
to be a second-order approximation of the 3D model.

Key words : Adiabatic approximation, Energy estimates, Strichartz’ estimates,
error estimates, nonlinear analysis, two dimensional electron gas.

1 Introduction

Systems with reduced dimensionality are the basis of operation of most of nanoscale
electronic devices. Among them, is the two-dimensional electron gas (2DEG) [1, 2, 9],
in which the electrons are strongly confined in one direction so that collisionless
transport is allowed in the two remaining ones. Although the transport is quasi bidi-
mensional, the Coulomb interaction results in a fully three dimensional structure.
Indeed, the particle density is a sheet density concentrated on the two-dimensional
electron gas plane, which generates through mean field interaction a fully three di-
mensional potential. In [17], an approximate Schrodinger-Poisson model taking into
account the quasi-bidimensional nature of electron transport while keeping a three
dimensional description of the electrostatic potential, was proposed and numerically
implemented in the stationary framework for electron waveguide structures. The



model has been shown numerically to be in a very good agreement with the fully
three dimensional Schrodinger-Poisson system, while having a much lower numerical
complexity. The aim of this paper is to prove by a rigorous asymptotic analysis that
the model introduced in [17] is a good approximation of the fully three-dimensional
model and to quantify the discrepancy between the two models. In order to sim-
plify the setting and to avoid additional technicalities induced by stationarity and by
boundary effects, we shall consider the time-dependent problem in the whole space.
The case of stationary boundary value problems will be the subject of a forthcoming
work by the third author of this paper [16].

Denoting by z the confined direction, we shall consider the following singularly
perturbed Schrodinger-Poisson system:

1 1
007 = =380 05+ 5V (2) v+ Veu (L1)
(0, z, 2) = Y5(z, 2) (1.2)
e __ L * €12
V= o (). (1.9

where z € R?, 2z € R, r = y/|x|2 + 22, the potential V¢ is the selfconsistent potential
1

due to space charge effects and the external confinement potential ViF(z) = V. (f) is
given. In this work, the asymptotic behavior of the solution of this nonlinear system
is studied when ¢ goes to 0. Two approximate models are exhibited: the limit model
(2D surface density model) and an intermediate e-dependent model (2.5D adiabatic
model), which is shown to be a more accurate approximation of the initial model.

Quantum systems confined on a surface have been studied previously in [8, 10,
15, 21]. Starting from a similar scaling on the transverse Hamiltonian, these authors
consider the linear Schrodinger equation with a confinement on a general surface and
derive an effective Hamiltonian which locally depends on the curvature properties of
the surface. In our case, the effective Hamiltonian at the leading order is trivial since
the surface is the plane z = 0. The main difficulty here stems from the nonlinear
character of the problem due to the selfconsistent potential.

As remarked in [21], quantum constrained systems can be linked to the Born-
Oppenheimer approximation in molecular dynamics [12, 19, 21]. In order to analyze

zZ

this link, let us rescale the variables z,¢ by setting z = 2, { = ﬁ and let * = z. To

keep densities of order O(1), we also need to rescale 1 by a factor %, hence the

selfconsistent potential is rescaled by % . Denoting again (with an abuse of notation)
by 1 and V¢ the functions of the new variables, the system takes the form

2
1

T —%AM — SO+ (Ve eV, (1.4)

The above problem (in the linear case) has been studied in particular in [3, 19].

However, the problem (1.1)—(1.3) is not just a rescaling of the Born-Oppenheimer
asymptotics for two reasons. The first reason is, again, the nonlinear character of



this system, which might induce rapid time oscillations of V*. The second reason is
the time scale. Indeed, if the asymptotics is done for times ¢ of order 1 for the Born-
Oppenheimer problem (1.4), then t is of order € in the initial problem (1.1)-(1.3).
Therefore, since we are here interested in time intervals of order 1 for the variable
t, working in the variable ¢ would necessitate longer time intervals (of the order of
1/e) which is more difficult. The two problems share however similar properties of
adiabatic decoupling. The systems can be diagonalized by using the eigenspaces
of the transverse Hamiltonian —%82 + V (in which ¢ and x are frozen). Within
each eigenspace the dynamics is governed by an effective potential and is quantum
in our case, wheras semiclassical behaviour is expected in the Born-Oppenheimer
approximation.

The paper is organized as follows. In Section 2, we first make precise the proper-
ties of the confinement operator, and define the two approximate models (namely the
2D and the 2.5D models). Then we state the main results of this paper, namely The-
orems 2.5, 2.6 and 2.7. Section 3 is devoted to the proof of e-independent estimates
for (1.1)—(1.3). In Section 4, we put both approximate models into a more general
framework allowing to prove existence and uniqueness of their solutions. The 2.5D
adiabatic model is shown to be a second order approximation in Section 5, while in
Section 6 the 2D surface density model is proven to be only a first order approxima-
tion. Finally, the appendix contains some basic results on the Schrodinger equation
and the Poisson equation which are used all along the paper.

Remark on the scaling. Before going further, and in order to make clear the
physical assumptions made here, let us show how the system (1.1)-(1.3) can be

obtained by a rescaling of the Schrodinger-Poisson system written in the physical
dimensional variables. Let W(T', X, Z), V(T, X, Z) be the solution of

2

K
il =~ —Axz Ut (Ve + W)U (1.5)

e? 1
Y= U?),

where m is the effective mass, e is the elementary charge of the electrons and e, is
the electric permittivity of the material. We introduce two characteristic energies, F.
and E, which are respectively the typical energy of the confinement and the typical
kinetic energy of the electrons. The assumption of a strong confinement is

(1.6)

E
2=« 1. 1.7
5 E. < (1.7)

The confinement operator is the partial Hamiltonian defined on R by —%;—ZQQ + V..

Hence we deduce that the typical length L. of the confinement, defined as the spatial
. . . . 2

extension of the eigenvalues of this operator, satisfies QTZT = F., and the confine-

ment potential takes the form V.(Z) = ECVC(L%), where V. denotes a dimensionless



potential. Since we are interested in quantum models for the transport of the elec-
trons, the typical space length L and the typical time 7 are deduced from the
kinetic energy (this crucial assumption says that the initial data are not oscillating):
% = 2mL2 = E, thus (1.7) gives % = ¢. Finally, we assume that the selfconsistent
potential is of the same order of magnitude as the kinetic energy, which means that

if Ny is the typical density (the scale of |¥|?), we have
€2N0L2

EM

=F.

With these assumptions, setting

T X z .U .V
t_?a (xaz)_<faz)a 1/1 - Ve =

the system (1.5)-(1.6) is written (1.1)—(1.3) in the dimensionless variables.

2 Notations and main results

Throughout this paper, for any ¢ € [1,00], we shall denote by ¢’ its conjugate and
for any ¢ € [2, 0], we denote by ¢* its 2-conjugate, respectively defined by

We define the following functional spaces:

Definition 2.1 Let 1 <p,q,r < +00. The spaces LELY and LyLPL? are defined by

L5L3<R3>={ueL}oc<R3>, nuans:(/ lutz, 2, dx) <+oo}

(with an obvious generalization of this definition for p = +00),
LyLELL((0,T) x R?) = L"((0,T), LLLA(R?)).

When there is no ambiguity, we shall simply denote these spaces by L LY and Ly L2 L1
and the corresponding norms by || - ||, , and by || - ||, (when there are two indices,
the variables are (z, z); when there are three indices, the variables are (¢, z, 2)).

For a function f = f(z) belonging to L'(R), we denote (f) = [ f(z)dz. In
particular, if n(t x z) is the particle density, the surface particle density is defined
by ns(t,z) = = [pn(t z, z)dz.

The symbol * denotes a convolution with respect to all the variables (z, 2) € R?;
partial convolutions are denoted by %, and ..



2.1 Properties of the confinement operator

Let us now introduce the basic assumptions made on the confining potential.

Assumption 2.2 (i) The rescaled confining potential V. = V.(z) is a nonnegative
real-valued function in L} (R).

(ii) The operator A = —1L. L V. defined on L2(R) with the domain

2 dz?

D(A) = {u € H*(R) such that V,u € L*(R)}

admits a nondegenerate eigenvalue E associated to an eigenfunction x(z) such that
zx € LA(R).

The first part of this assumption implies that the operator A is self-adjoint and
nonnegative (see e.g. [18]). The partial Hamiltonian involved in (1.1) is obtained by
rescaling the operator A:

E
(2) = — <—> ;. B =—.
X ( ) \/g X € g2
Remark that the assumption on the eigenfunction given in Assumption 2.2 implies

that
VB e 0,1 [12° Xl 2wy = O). (2.1)

We shall denote by X¢ = span(x®) the corresponding eigenspace and by II¢ the
orthogonal projector on this eigenspace. Following the physical literature [1, 2],
we shall call subband of energy level E¢, the space L?(R%* X¢). With an abuse of
notation, we shall also denote by II° the orthogonal projector I ® II¢ of L?(R3) on
L?(R?, X*).

The following technical lemma will be used several times :

Lemma 2.3 Let V¢ € Wh*(R) with a € [1,+0c|. Then there exists a constant
C > 0 such that
I, Vol oy < €™ 10:VE oy,

where [-, -] denotes the commutator between the two operators.
Proof. Remarking that
[, Ve =1 Ve (I —-11°) — (I - II°) Vo II°

and that in this difference the second operator is the adjoint of the first one, one can
see that the lemma stems from

I Ve (1= IO ey < O™ 0V oo



In order to prove the above estimate, let U®(2) = V*(z) — V*(0). By orthogonality
of II* and I — II¢, we have clearly

IV (1 IF) = IF UF (1 - TF°),
Therefore
[T VE @ =10 g2y < IT° US| giremyy < 11X U2y,

where a Cauchy-Schwarz inequality was used. Besides we have

U (2)| =

[ ovw) dy] < 0V .
0

Thus we conclude thanks to

2 -/« 2
I U@y < NOVE ey 127X | Loy

< Qe ||8ZVE||%O‘(R) 5

where we used (2.1). O

2.2 Definitions of the approximate models and main results

We shall assume that the initial wavefunction belongs to the subband of energy level
E¢. Namely:

Assumption 2.4 (well-prepared data) The initial data 5 of the 3D Schrédin-
ger-Poisson problem (1.1)—(1.3) satisfies

vy = o X € Hl(RzaXE)-

Let us now write the two approximate models for the 3D Schrodinger-Poisson system

(1.1)-(L.3).

The 2D surface density model

The 2D surface density model is obtained by coupling a two-dimensional Schrodinger
equation and the Poisson equation with a modified Green function. It is given by

i0,p = —%Am 6+ Wo (2.2)

1
47|z

(I (2.3)

with the initial data ¢(0,z) = ¢o(x) = (¥§(z,-)x%). The unknowns are ¢(t,z),
W (t,z) and the surface density n,(t,z) = |¢|?(t,z), where z € R?. Remark that

(=}



W(t,x) = V(t,z,0), where V is the Coulomb potential generated by the sheet density
supported in the plane z = 0 with a surface density n; :

n(t,x,z) =ns(t,z)o(z) ; V= ﬁ 1. (2.4)

The 2.5D adiabatic model

The 2.5D adiabatic model is an intermediate model between the fully 3D model and
the 2D surface density one. It takes into account the small thickness of the electron
gas and consists in coupling a two-dimensional Schrodinger equation and the three-
dimensional Poisson equation. The unknowns are ¢°(¢, ), VE(t, z, z) and the density
n®(t,x, z), where r € R? and 2z € R. This system is written

1
10,67 = =5 8. ¢ + (VEIX[) o (2:5)

1 2 2
E: = € 2
Ve= — (0P P). (26)

with the initial data ¢°(0,2) = ¢o(z) = (¢5(x,-)x°) and where the function x°(z)
has been defined in Section 2.1. The population of electrons is described by a pure
quantum state which belongs at any time to the subband of energy level E. One
can remark that in the 2.5D adiabatic model, the dynamics on the subband is in-
duced by the effective potential (V¥|x¢|?), which is the potential “modulated” by
the wavefunction x¢. Moreover, applying formally the standard perturbation theory
(see [14]), the transverse Hamiltonian —%% + Ve + Ve admits an eigenvalue €(t, )
given by .
€= 5+ (V) + 0.

Thus, the above 2.5D adiabatic model can be seen —at least formally— as an -
perturbation of the model given by the adiabatic quantum theory [19] (the constant
E/e? can be forgotten in (2.5) since it only induces a phase factor).

The main results of the paper, summarized in the three following Theorems, state
that the 2.5D adiabatic model is (almost) a second order approximation of the 3D
model, while the 2D surface density model is exactly a first order approximation.

Theorem 2.5 Suppose that Assumptions 2.2 and 2.4 are satisfied. Then the 3D
Schrédinger-Poisson system (1.1)—~(1.3) and the 2.5D adiabatic model (2.5), (2.6)
admit unique global weak solutions, respectively denoted by (3P, V3P ) and by (¢*5P,
V25D ) Moreover for any T we have

—iq 2
”w3D _ ¢2.5DX€€ itE /e

q*,q,2 — O(8> vq € [27 00)7 (27)

HVBD — V2.5DHL1((O,T),L°°(]R3)) = 0(82704) Vo > 0, (28)



Furthermore the surface densities defined by n3P = (|*P?) and n?°P = |¢*°P|?

satisfy
HngD — n§'5D”L1((O,T),Lq(R2)) = 0(82704) Vo > 0, Vq < [1, OO) (2.9)

Theorem 2.6 Suppose that Assumptions 2.2 and 2.4 are satisfied. Then as € — 0
and for any T > 0 the solution (¢*°P, n*5P V?25P) of the 2.5D adiabatic model
converges to the unique solution ($?P, n*P, V2P) of the 2D surface density model
(2.2), (2.4) in the following sense:

16°°P — ¢*l| Lo 0y wraezy = Oe)  Va € [2,00), (2.10)
||V2.5D o V2D||LQ((O,T),L°°(R3)) = O({f) \V/q S [17 00)7 (2]‘1)
Hni.w B niDHLq((o,T),Loo(R?)) = O(e) Vg € [1,00). (2.12)

Theorem 2.7 Suppose that Assumptions 2.2 and 2.4 are satisfied. If moreover we

have
0< ”x(ﬁo”LQ(RQ) <400 and ¢g € Hz(RQ), (213)

then for any T > 0 there exists a constant C' > 0 such that the solutions of the 2.5D
adiabatic model and the 2D surface density model satisfy

I(V*2 = VEP)(t, -, 0) | e me) + (0277 = nZP)(t, ) | pageey > Ce, (2.14)

for any t € [0,T], q € [1,00), where C depends on T and q but not on ¢.

An immediate consequence of these theorems is the

Corollary 2.8 Under Assumptions 2.2, 2.4, the 3D Schriodinger-Poisson system
converges as € — 0 to the 2D surface density model. Moreover, if in addition (2.13)
is satisfied, we have for any T > 0 and q € [1,00),

Che< ||V3D - V2D||L1((0,T),L°°(R3)) + ||”§D - ”?DHLl((O,T),Lq(RQ)) < Cse

where the notations of Theorems 2.5 and 2.6 were used.

3 Estimates for the 3D model

In this section we prove some e-independent estimates for the 3D Schrodinger-Poisson
problem (1.1)—(1.3). We first claim that a straightforward adaptation of the proofs
of [4, 13] allows to show that for any initial data

v e ={pe H'[R®) : \/Vive LR}, (3.1)

(which may depend on ¢) and for an arbitrary 7' > 0, this system admits a unique
weak solution ¢, V¢, such that

Y € C([0,T], LA(R) N L>((0,T), H'(R?)),



VeEe L™((0,T) x R?) ; V,.Vee L>*((0,T), LYR*) Vq € (3/2,00).

Let us define the kinetic energy along the x direction and along the z one, respectively

by:

kmx // |V (t, z)\dedz : kmz // |0.0°(t, x z)\dedz

The selfconsistent potential energy and the external potential energy are then re-
spectively defined by:

Enlt // ~ |V VPP dadz 5 E5,( // VE(2) |V (t, 2, 2)|* dx dz

and the total energy of the system is

Stsot(t) = g/im,a:(t> + glizn z( ) ggot( ) gcir:t( )

The standard energy estimate for the Schrédinger-Poisson system [4] gives the con-
servation of the total energy:

VEZ 0 Ey(t) = E(0). (3.2)

Unfortunately, due to the strong confinement potential V7, the external energy £7,

is of order O(1/e?). Therefore, (3.2) does not provide directly a bound for the
kinetic energy (expect for the special case where the initial data is concentrated on
the ground state). Nevertheless the Strichartz’ estimates of Appendix A enable to
obtain some estimates independent of e, without using the energy conservation. The
first step is the following lemma:

Lemma 3.1 Let ¢ € L*(R3) and let ¢, V° be a solution of (1.1)—(1.3). If As-
sumption 2.2 (i) is satisfied, then for any T > 0 we have

a2 < C(vo), (3-3)

Vq - [1,3) ||V€||Lq((O7T)7Loo(R3)) < C(¢0), (34)
where C (1)) denotes a generic constant which depends only on ||1§| r2msy (and q),

and ¢* = 2q/(q — 2).

Proof. This proof relies on the Strichartz’ estimates and on the properties of the
Poisson equation studied in Appendices A and B. Let us first recall that the L2
estimate for the Schrodinger equation gives

vie[0,T]  |lv(®)ll22 < 46l 2@

Vg € [2,00)  [[¢*

Besides, from (B.3) and a Hélder inequality, we deduce that

< C|[fllgz llgllzz

q7oo

we ) |t




thus for all ¢ € (0,T") we have

Vq € (2, 00) Hvs(t)nqm < C(¢o) H@Ds(t)Hq,?'

Hence

IVE@) ") ll22 < V() llg.00 197 (2)

g2 < C (o) [9° () llg.2 l4=(1)

q*,2 -
Let g be fixed such that ¢ € [4,00). It is readily seen that
15 I3 2 —2 I3 —4 —2
[ P e [ P
which leads to
€ £ £ */2
IVEE) 65 (1) a2 < Co) [0 (1)]1447 (3.5)

For any ¢t > 0, let
Y (t) := 1Y% o (0,09, £2)-

By using (3.5) and a Holder inegality, we get

1V 8| Lo,z ey < Clibo) VE(Y (1)) /2.

Consequently the Strichartz’ inequality stated in Lemma A.2 gives
V(1) < Cwn) (14 VE(Y (1)772)

Since Y'(0) = 0, this is enough to conclude by continuity that there exists T and

Co depending only on [|9§||r2s) and ¢ such that Y(T') < Cy. We deduce (3.3)
for ¢ > 4 by iterating this procedure on the interval (Tv, QTV), then on (ZT, Sf),
etc. By interpolation, we also deduce that (3.3) holds true for ¢ € (2,4). To obtain
(3.4), it is enough to apply (B.5) with p close to 2 and to use (3.3) with ¢ close to 4.

From this lemma, one can deduce the main result of this section:
Proposition 3.2 Assume that the initial data 5 € H (defined by (3.1)) satisfies
16l L2 ey + Vet 2 @sy < C (3.6)

and let =, V¢ be the solution of (1.1)~(1.3). Then, if Assumption 2.2 (i) is satisfied,
we have the following estimates:

Vg € [2,00) 19 Mlg a2 + ([ Vet llgr g2 < C, (3.7)
IV Loe 0.7y xm3y < C (3.8)
Vg € (2,00) IV VElsog,00 < C. (3.9)

Here C' denotes a generic constant independent of c.

10



Proof. The first remark is that, thanks to (3.6), the estimates (3.3) and (3.4) given
in the previous lemma are independent of €. Differentiating (1.1) with respect to x
leads to

1
00V,0° = =50 Vot + AV,00° + VIV + VLV, (3.10)
From (B.4), we deduce that for all ¢ € (0,7) we have

Vg€ (2,00) VeV Wllgee < CIVall*®))ll2g/@+0.1
< OVt (Ol 2es) 197l g2 -

Hence we get, for any ¢q € (2, 00),

IVaVEllgg00 < CIIVa® 222 [9°

0.2 (3.11)

since qi* + % = % . Therefore we have

VoVl li22 < IVeVElg g0 19 llggm2 < C IVt ll222 197 lge g2 147 g2
Since for any ¢ € (2,00) we have (¢*)* = ¢, by using (3.3) we obtain

VeV 122 < Ol Vet l22 -
This inequality, combined with the L? estimate for (3.10), gives

[Veth o2 < [Vathgllz@s) + [ Ve VU1 2,2
< |IVatbgll 2msy + C | Varb®|l22,2 5

which leads thanks to a Gronwall argument, to
IVatlloso 22 + [[Va VY 22 < O (3.12)
In a second step, we apply the Strichartz’ estimate (A.5) to (3.10) and obtain

Vge2,00)  [[Vay©

a2 < ClIVabgllremsy + ClIVEVLY® 122 + ClI VL VY122
Since (3.4) implies
IVEVL % 122 < ||V 10000 | Vet |loo22 < ClV2t |loo22 s

we deduce the estimate (3.7) from (3.6) and (3.12).
For the last step of this proof, we apply a Sobolev estimate pointwise in time to
the function

u(tv :L‘) = ||¢6(t7$7 ')||L2(R) .
To this aim, by using the Cauchy-Schwarz inequality, we first get

1/2
|Vu(t, x)] < (/ |V % (¢, x, z)|2dz) ,

11



which yields
[u(t, Mm@z < Ol o2z + CllVath w22 < C

(apply (3.7) with ¢ = 2 for the last inequality). By Sobolev embeddings, we have
Vpe(2,00) ([P floop2 = llullpery < C (3.13)
which can be rewritten
Vgelloo) Pl <O

From (B.5) we deduce the L>=((0,T) x R?) estimate (3.8). Finally, by combining
(3.13) and (3.7), we deduce that

Vo€ (1,2) [V (I[0°1)] g g1 < ¥ Nlc2ase—a2 Vet o2 < C,

and (3.9) is obtained by applying (B.4). O

We end this section with a useful lemma concerning the linear Schrodinger equa-
tion with a strong confining potential. It states that, up to —at least— the first order
in €, the subspace X°¢ is stable under the action of the Schrédinger group.

Lemma 3.3 Let 5 € L*(R? X¢). Assume that V¢ € L'((0,T), L>*(R?)) and that
2,Ve € L"m2((0,T) x (R?)) for some r € (2,00]. Then any solution ° of (1.1)
satisfies, for all s € [2,00),

(T — TI7)¢p

where C' depends only on ||V ||1,00,00-

< Ce |0V oo 105 2R3

s§*,5,2

Proof. Thanks to the conservation of the L? norm for the Schrodinger equation, a
solution ¢ of (1.1) satisfies

1% [loo,2,2 < (195l L2 (®3),

By using (A.5), we get for any ¢ € [2,00) :

I

(in this lemma, C' is a generic constant depending only on ||V||1,0.00)-

Denote w® = (I — II¥)y°. The assumption on %§ implies w®(0,z,2) = 0 for
(z,z) € R®. Besides, the operator T — ITI° commutes with 9;, with A, and with A®
(since II¢ is a spectral projector of A%). Hence (1.1) gives, after direct calculations:

0.2 < Cllglle@s) + CIIVEYS 122 < CllUgl L2 es) (3.14)

1
O = A+ AW VR — IV
ws(()?xa Z) =0.

(3.15)

12



Because of source terms, the L? conservation becomes
| lso,2,2 < C|I[IT5, VE|l122,

thus from (A.5) with o € [2,00) we deduce:

low?

o o2 < C|/[IIF, Ve[S |12 - (3.16)
Besides Lemma 2.3 yields
L1, Ve (8, 2, )| ey < Cell0:VE(E 2, ) ooy 19° (6 2, )| L2y

Hence

H[HE, V€]¢E||1,2,2 <Ce HanEHT’,T,oo ||¢E||T,T*,2'
An application of (3.14) with ¢ = r* gives

H[Hav VE]¢€||1,2,2 <Ce ||6ZV€||T’,T,OO ||¢8||L2(R3) .

Therefore we deduce the result from this estimate and (3.16). 0

4 Existence results for the approximate models

In this section we show that the two approximate models (2.5), (2.6) and (2.2), (2.3)
presented in Section 2 are well posed. Let us first remark that the 2.5D adiabatic
model can be rewritten as a two-dimensional Schrédinger-Poisson system with a mod-
ified Green function. Indeed, denoting W¢(z) = (V|x°|?), (2.5), (2.6) is equivalent
to

1
i = —5 00 + WO (4.1)

We(z) = G*°P «, (|<;55\2) , (4.2)

where

2.5D _ 1 e Z, 2 € > 2 2/ >
G (9”)‘444ﬂ,x\2+<2_y>2>v2 WP de. (43)

With this formulation, both approximate systems have the same structure, they
differ by the kernel of the “Poisson” equation, respectively G?°P(z) for (4.1), (4.2)
and G?P(z) = 2 for (2.2), (2.3). We shall see below that these kernels share the

47| x|
same properties and that their difference is small (see the proof of Theorem 2.6 in
Section 4.2).
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4.1 A Schrodinger-Poisson system with a general kernel

Let G°(z) be a general convolution kernel such that G° € L} (R?). Consider the
system:

1
109 = —aAz o° + Weg° (4.4)

We = G° |67, (4.5)

with the initial data ¢°(0,-) = ¢q. In this problem, the dependency of the functions
in € comes from the dependency of G° in this parameter. The energy of this system

has two terms: the kinetic energy along x and the potential energy respectively

defined by

1

—/ \V.0°(t, x)|? dz,
2 Jo

1 1
Epoi(t) = 5 / Wensde = = // G*(z — 2" )n(z)ns(2") ded’.
2 R2 2 R4

By analogy with the function |71| (see Lemma B.1), we assume that the kernel G*
satisfies the following property:

Ein(l) =

Assumption 4.1 The kernel G° is a nonnegative, even function which belongs to
L} .(R?). Moreover, we assume the following estimates (i) For f € LI(R?) with

loc

1 <q<2, then

G * Fll o ey < C Nl ll a2y, (4.6)
where ¢ = —q
(ii) For f € LY(R?*) N L'(R?) with 2 < q < 400, the following estimates holds

1G= % fll e rey < C NI Zagee 1 I ey (4.7)
q

where 0 = 5. The constants C' are assumed independent of € and f.
q

Remark. Any kernel of the type G*(z) = ¢°(|x|), with ¢°(|x|) satisfying ¢°(t) < C/t,
verifies Assumption 4.1.

The following Proposition shows that this system (4.4), (4.5) is well-posed and
gives some e-independent estimates:

Proposition 4.2 Under Assumption 4.1 and for ¢o € H'(R?), the system (4.4),
(4.5) admits a unique global weak solution. Moreover the total energy of the system
18 conserved:

Erin(t) + Epor(t) = €3 (0) + €,,,(0) (4.8)

and for any T > 0 the following estimates hold, independently of ¢:
||¢E||L‘1*((O,T),W1aq(lR2)) <C Vq € [2,00), (4.9)
||WE||L00((O7T)7W1,q(R2)) S C Vq (- (2, OO) (410)

14



Proof. The local-in-time existence of a unique weak solution is obtained via a
standard fixed point procedure and is only sketched here. For more details we refer
to [4, 13]. Denoting W¢(1)) = G® x [¢|?, it is enough to show that the application
F ) — W)y is locally Lipschitz in H'(R?), uniformly in time. To this aim,
we shall make use of the following inequalities obtained by simple arguments like
Sobolev embeddings and Cauchy-Schwartz inequalities

[fallm ey < Cllfllwra@ellgllmeey 5 [1follwrasgey < Cllfllae)llgllmes)-
(4.11)
Let ® and ¥ be two functions in H*(R?). We have

(D) = F@) i) < WD) (8 = ©) [ sy + | (W (T) = W (D)) B sy,
Using the first inequality of (4.11), the r.h.s is controlled by
W20 gy 10 — iy + [TV (B) — W) s | Bl s oy
Besides,
IWE(®) = W@ lyrageey < [|G7# (P = [D1%) ||y e
< C 19 = [0y
< OV = @[ e[|V + P 11.r2),

where (4.6) is used as well as the second inequality of (4.11). By noticing that
We(0) = 0, we conclude that

| F () — }_@)HHI(R?) < C”‘I’H%I(W)H‘I’ - (I)HHI(R?)
+O|V - @HHI(R?)H‘I’ + cI’HHI(R?)”q)Hﬂl(u@)

which proves that F is locally Lipschitz on H!(R?).

The energy estimate (4.8) shows that the solution is global in time. It can be
obtained in a standard manner by multiplying (4.4) by 8tgz56, integrating on R? and
taking the real part. The key point is that the nonlinear term can be written as
follows:

Re [ Wer 05 du =/ |67 (2)00 6" (@) de

R2
4dt//R4Gax_x ) |9 (x )| | (x )|2dx—§aggot()

where we have symmetrized the formula by using the properties of G. The proof
of (4.9) and (4.10) can be done without any difficulty by an adaptation of Lemma
3.1 and Proposition 3.2. The starting point is the L*>((0,7), H'(R?)) bound of ¢*
given by the energy estimate and the conservation of charge density. Then we use
successively Assumption 4.1 and standard Strichartz’ estimates in dimension 2 (see

15



for instance [7]). m

The following Proposition shows the Lipschitz dependency of the solution of (4.4),
(4.5) with respect to the kernel:

Proposition 4.3 Let G° and Ge satisfying Assumption 4.1 and such that G° — G €
LY(R?). Let ¢o € H'(R?) and denote respectively by (¢¢, W¢) and (47, WE) the
solutions of (4.4), (4.5) corresponding to these kernels. Then we have

|¢° — ¢EHLq*((o,T),W1»q(R2)) < C|G* - GEHLl(RQ) Vq € [2,00), (4.12)

HWE — M/\//E”Lq((QT),Loo(RQ)) < C”GE — CA}EHU(RQ) Vq € [1, OO), (4.13)
where C' 1s independent of ¢.

Proof. Let us denote n = ||G° — ZJ\;HD(RQ). For any function f € LP(R?), p €
[1,4+00], we have

| =Gy« s

< p(R2)- 4.14
P 1/ 1| o r2) (4.14)

Setting L
Ré(2) = (G — GF) x| 5"

we have

We - We = G° # (W\Q— |<5€|2) + R (4.15)

By applying (4.9) and the Sobolev embeddings W?(R?) — LI(R?) for all ¢ €
2, 4+00), and W'P(R?) < L>(R?) for all p > 2, we have

19Nl oo 0,1y, La2y) + 10| Laqo,r),Lo@2y) < C Vg € [2,00). (4.16)
Therefore (4.14) yields, for any ¢ € [2, 00),
1B oo 0.7, L0 ®2)) + 1B || ooy, 20 2y < O (4.17)

In order to estimate the difference W — e , we set u® == ¢° — 55 . This function
solves

: g __ 1 3 g, (3 NE NE
10yt = —anu + W + (We = We)o (4.18)
u®(0,-) = 0.
Thanks to (4.16) we deduce that for any p € (2, 00| and any ¢ € [0, T
||u6||L°°((0,t),L2(]R2)) S CHWE - Wé”[/l(((),t),LP(RQ))a (419)

and, by using (4.10) and Strichartz’ estimates in dimension 2 [7], we deduce that for
any s € [2,00) and ¢ € (2, 00] we have

L ((0,8),L5 (R2)) < C”WE — WE”LI((OJ&)’LQ(RQ)). (420)

[ u®
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Let ¢ € (2,+00). By using (4.16) (and the same estimate for ¢°) and (4.19), we
obtain

gb52— ¢52 <C WE—NWE q 4.21
H| | | | HL (0.),L°(B2)) — ” ||L1((07t)7L (R%))> ( )
2q

where s = 2L By (4.6), we deduce

6=« (1o = 15°F) @SCAwW“W%MmMﬂﬁ-

’LQ(RQ)

Consequently (4.15) yields
—_— t —_—
W = st < C [ IWF = Wl () dr + | e

Thanks to (4.17), we deduce from a Gronwall argument applied to the above in-
equality that .
||W€ — W€||L°O((0,T),LQ(R2)) < C?] Vq € (2, OO) (422)

From this estimate together with (4.20), (4.16) and (4.19), we deduce that for any
r € (2,00), s € (2,r), we have

[0 - 167

e s

< Cn.
L7((0,T),L5 (R? L>((0,T),L1 (R?))
which leads to (4.13) in view of (4.15), (4.7) and (4.17).

Let us now improve the estimate on ¢° — 55 and show that (4.12) holds. To this
aim, we first differentiate (4.18) with respect to « and obtain

1 . _ -
00" = =S A" + W+ (VW) + (VW = VW98 + (WF = W)V, 6°
v°(0,-) =0,

(4.23)
where we have denoted v = V, u°. By combining (4.9), (4.10), (4.20) and (4.22), we
get . ~

(VW)U + (W = WE)Vd|| L1 0,1),2(r2)) < O,

thus, for any ¢ € (2,00] and t € [0, T], we have
||U€||L2(R2)(t) S C?’] + C’||VmW€ — foWJE||L1((07t)7Lq(R2)). (424)
Besides, by (4.9) and (4.16) and the Young’s inequality (4.14), we get

[CEIORA ALk

<C Vg € 2, Yr € 17 )
Lr((0,4),L9(R2)) — n q ( oo) r [ q)

Moreover, using (4.16), (4.9) and (4.20), we have for any s € (1, 2)

| V2 (1e°12 = 16°P?)

L1((0,t),L5 (R2)) < CT] + CHUE”LI((O,T),LQ(]RQ)).
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Thus, writing
VW — VW =G xV, (WP - |$6|2) 4 (G° = G°) % V|07 (4.25)
and using (4.6), we deduce that for any ¢ € (2, 00)

< Cn+ Cllv°] Lro),22®2))-

vaWf v,

L1((0,t),L9(R?))

Inserting this inequality in (4.24) leads through a Gronwall argument to
[0 2= ((0,7), 2(R2)) < O

Going back to (4.23), it is readily seen from the above two estimates and from
Proposition 4.2 that

. 1
”Zaﬂ)s + iA/UEHLl((O,T),LQ(RQ)) S C?]

which leads to (4.12) through a Strichartz’ estimate.
(|

In Section 6, in order to get the estimates from below of Theorem 2.7, we will
need to deal with strong solutions.

Lemma 4.4 Under Assumption 4.1, let ¢o € H*(R?). Then for any T > 0 the
solution ¢° of (4.4), (4.5) belongs to L>=((0,T), H*(R?)) and its norm is bounded
independently of €.

Proof. Denote u® = A,¢°. By differentiating twice (4.4) with respect to x, we get
1
10t = —iAzus + W 42V, We - V.0 + A, Weo°.
The source term in this Schrodinger equation on u® writes
VIV - Vo + ¢°CF 5 (2Vad ) + 26° Re G = (Fuc)
The first term V,W¢ - V,¢° can be estimated thanks to (4.9) and (4.10):
VW - Vad® |l 0,0,.2@2) < NIVaWE | Lars (0,0, 00®2)) | Va®l 220,024 ®2)) < C-
The second term can be estimated thanks to (4.6):
2
|6°G* * (2| Vo] )HLI((o,t),m(R?))

<N oz ooy 167 IVabTP)| s 0.,20 e

2
< Cll¢°[| srzo.),3@®2)) 1V Lo (00,13 2)) < C-
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To treat the third term, we also apply (4.6), (4.9) and (4.10):
167G * (20°u) || L1 0,0y, L2 (r2))
< Cllo (.o @2y 167 % (207U7) | 1 0.9, L0 (z2))
< Cll¢° [z (0,0,22@®2) 19N oo 0,028 @) 19 L1 0,0y, 22 (R2)
<C ||u6||L1((0,t),L2(R2)) .
Hence, for any t < T,

t
[ () ogay < C + C / 1 () gy 7

which leads to the result thanks to a Gronwall argument. 0

4.2 Application: proof of Theorem 2.6
Thanks to Lemma B.1 given in the Appendix, the kernel

1
GZD _
(@) =
of the 2D surface density model (2.2)-(2.3) satisfies clearly Assumption 4.1. More-
over, by using Lemma B.2 and the fact that fR |X?|?dz = 1, it is readily seen that
the kernel of the 2.5D adiabatic model given by

2.5D _ 1 EZ/ 2 EZ 2 2/ >
()= || pr e eyl G MO

also satisfies Assumption 4.1. Therefore an application of Proposition 4.2 gives the
existence of unique weak solutions and estimates independent of ¢ for the two ap-
proximate models. The first parts of Theorems 2.5 and of Theorem 2.6 are thus
proved.

To conclude the proof of Theorem 2.6, it suffices to apply Proposition 4.3. Indeed,
setting

1
 Anl|x]
1

1 . e
“wa e e 1 o I dzd

1 elz—72'|
T dr //R/o W X()? [x(2)[? dé dz 2,

H ()

_ G2'5D(ZL‘)
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and noticing that

§ _
/ﬂywdlﬂ—Qﬂ', fOI'§>07

we deduce from (2.1) that

- 15
1w = 5 [[ 12~ 21 WP )P dzd = Ce,

This leads to (2.10), from which we deduce (2.12). In order to prove (2.11), we write
1

V2eD 2D . © (n2.5D _ nQD) + }75 . 25D
4y NS s v
where 1 1
He - XA 4.26
(5,2) = ==+ % I’ (426)
It is then enough to remark that
' 1 %, (ng.w B n§D> < ' 1 %y ( 25D _ §D>
dmr ICE VA Bt LA((0,7),L (R2))
< Ce
and that

TTe - 5 el /
Ha(%z):/R/(Z_Z/)WW (2)]? d¢ dz',

which implies

[HE 5y 03P |(t, 7, 2)

maz(z,z2—2") |§|
S | s g W daded
() R Jmin(z,2—2') JR2 (|$|2+§2)3/2
= 2020 Mamgey [ DR = Ol s

and the right-hand side is an O(¢) is view of (2.12).

5 The 2.5D adiabatic model is a second order ap-
proximation

In this section we end the proof of Theorem 2.5, initiated in Section 4.2. Consider
the solution ¥*P, V3P of (1.1)-(1.3) with the initial data 1§ = ¢ x° and the solution
¢*PP V23D of (2.5), (2.6), corresponding to the initial data ¢o. Assumption 2.4
leads in particular to the uniform in € estimate

45l 2@y + Va5l L2 msy < C-
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Proposition 3.2 then implies the following uniform bounds:

|’V3D”L°°((O,T)><R3) + ”vz,zng”oo,q,oo S 07 2< q < 00, (51)
||¢3D q*,q,2 + ||Va:¢3D q*,q,2 < C 2< q < Q. (52)

Furthermore Lemma 3.3 implies
IT=1) 7], = O),  2sq<cc. (53)

We start by proving (2.8). To this aim, we write
1

V3D _ 25D T % (n3D _ n2.5D)
71”’ (5.4)
=1 " (I 2 — [x*6**"%) + R + Ry,

where the remainder terms are

1 9 .
Ry = —x[(I-TE) " Ri=—xRe <H€¢3D (H—Ha)@zﬁf’) .

e Tr Ay

Estimating the remainders R and R;. On the one hand, estimates (5.3), (B.3)
and (B.5) lead to
122

a || 1,q,00

<0 Vge (2,00l (5.5)

On the other hand, by orthogonality we have (ITey3P (I — I1¢) ¢*P) = 0. Conse-
quently (B.9) implies for any ¢ € (2, 00) and pointwise in time

e e((1-2 e
||Rb||L°°(]R3) S C”ZX ||L2(ﬂ£;1 H¢3DH2q72 H(H_H )¢3D”2q72'
Besides, we deduce from (5.2) and the Sobolev embedding H'(R?) < L4(R?) that

HwBDHoo,q,Q < WDHLO@((O,T),Hl(R?,LQ(R))) <C. (5.6)

Moreover, by (2.1) we have Hzxaﬂig(zﬂg)q = O(e'7%/9), therefore

IR | oo sy (1) < Ce =22 ||(T—11°) *P [, , (1)

Similarly, by (B.8), we have for any a € (0,1) and ¢ € [2,00)

1R llyo (1) < Cll2xC iy 9] s o ([ =TE) *P| sy, (8)
2+4aq’ 2+4aq’
<O @ =1%) PP | g L, (2)
2+agq’
By (5.3), we finally get
Vo€ 0.1) Yoeod] Rl <O (5.7
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where the constant C' depends only on a.

Estimating the first term in the r.h.s. of (5.4). We shall estimate the difference
we = HE@/)BD . Xeng.SDe—iEft'
To this aim, we notice that
1
iatws — —QAJ;U}E—FAEUJE—}- <V3D|X5|2>w€+fs +gs’
w(0,x,2) =0,
where
f':—: — <(V3D o V2.5D) ‘X€|2>X5¢2.5D€fiEEt : gz-: — HEV:SD(]I . HE)wiSD.
Standard L? estimates for a Schrodinger equation with a source term then imply
[ lo22 < 1 f5 122 + [lg7[l1.22-

Remarking that
Hz—:vBD(H o Hz—:) — TI¢ [HE’ VBD](]I . HE),

we deduce from Lemma 2.3, (5.1) and (5.3) that
lg°Nl1,22 < CellOVP|aza,00l(T = T)P*P||102 = O(?).

Besides, in the same spirit as for the proof of (5.6), applying (4.9) and standard
Sobolev embeddings, we get

H¢2~5DHLW((O,T),LQ(RQ» <O VYgeE[2,00). (5.9)

Therefore it can be easily seen that for any ¢ € (2, 00| we have
£ )22 < CIVEP = VP4 g
and we finally obtain
[z < CIVZP = V2P| g0 + O(E7). (5.10)

Applying the Strichartz’ inequality (A.5) to (5.8) after having noticed the estimate
(5.1), we obtain for any g € (2, 0], s € [2,00),

w5l 52 < CIVEE = V2221400 + O(e?). (5.11)

This gives the following estimate for the first term of the right-hand side of (5.4), for
any ¢ € (2,00):

|22 = x> PP || 20, (6) < (19°P llossg2 + 1677 |l (0,00, 0R2))) [0 ||oc 2.2

2+q’

t
< C/ |V3P — V25D () dr + O(e?),
0
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where we used (5.6), (5.9) and (5.10).
End of the proof. By applying (B.3) we deduce

1
H; % (|H€w3D|2 . |X5¢2.5D|2)

t
0 <C [ V= V2Pl i+ O,
0

q?oo

where ¢ € (2,00). Consequently (5.4) yields

t
I(V32 = V*)e(t) < C /0 I(V32 = V222) g oo (7) dr
HI R g0 (8) + [ Ry llg.oo () + O().

Recalling the estimates (5.5) and (5.7) for the remainders, a Gronwall argument
leads to the following bound

(V32 — V2P| goe < O Vg € (2,00), VYa e (0,1).
To conclude the proof, we insert this estimate into (5.11) and obtain
|| s 50 < C*, Vs € [2,00), VYae€ (0,1).
Then we remark that we have now, for any ¢ € [2,00) and s < ¢*

H|HE¢3D|2 o |X5¢2.5D|2H < 062_(17 Vo € (O, 1)

87q71 -

and we apply (B.5). By using again (5.4), (5.5) and (5.7), we find (2.8).
In order to prove (2.7), we simply remark that

7,q,2 T ”(H - HE)¢3D"q*,q,2

then use (5.3) and (5.11). To prove (2.9), we remark that

/2
WBD - ¢2'5DX€€ iE/e lg=g2 < [Jwe

nZ;D . ni.w _ |Hew3D|2 . |X5¢2.5D|2 + | (I - II9) ¢3D|2'

6 The 2D surface density model is a first order
approximation

In this section we prove Theorem 2.7, which gives estimates from below, showing that
the accuracy of the limit model is exactly O(g). We denote respectively by ¢
V5P and by ¢*P, V2P the solutions of (2.5), (2.6) and (2.2), (2.4). For notational
simplicity, we denote

Vil (tx) = VP (t,2,0) 5 VP =V(E 2, 0).

Since we assume that the initial data ¢y belongs to H*(R?), an application of Lemma
4.4 gives
1622 e o.m).22@2)) + 1677 | (07, 122)) < C- (6.1)
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Moreover, with (2.10) and the Sobolev embedding H'(R?) — L%*(R?), we obtain

||TL§'5D — n‘zDHLoo((O’T)’Lq(RQ)) < (Ce Vg € [1,00). (6.2)
Now we recall that
1 __
VPP VG = o (027 = n2P)  H0) [0

where H¢ is defined in (4.26). Hence, pointwise in time, we get

1
||V62.5D o V02D||L°<>(R2) + "47T|:E| *g (ni.f)D _ ngD)

ATLS (6.3)
> ||E . 0) % 620

Lo(R2)

Besides, a straightforward calculation leads to
1
iat (x¢2.5D) — _§Ax(x¢2.5D) 4 V2.5D(x¢2.5D) 4 vz¢2.5D’
thus

12677 || Lo 0.7, 22R2)) < [|2dollr2@e) + [ Va0 Pl L2 0,m), r2m2)) < C,

where we used (4.9). Now let us denote for R > 0, Bg = {x € R? |z| < R}. We
have

1
1622 oy 22@ry - 2 NollZ2ey = 31170 Pz 0.1, 222y
C

e

Since by assumption we have ||¢g||z2r2)) = 27 > 0, by choosing R large enough we
have

167 || Lo 0,1y, 22 (Br)) > 10,

then
2

2.5D 2 n

By using (6.1) and the Sobolev embedding H?(R?) — C%!/2(R?), we deduce finally

that there exists 7y > 0, a > 0 and z((t) € R? defined almost everywhere such that,
for a.e. t € [0,T], we have

|¢2'5D|2(t,l’) > a, Vo € R2’ such that |$ - xO(t)| < T7p. (64)
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For t € [0,T], we have

)}7’5 0) %y [P

(z0(t))
el2’|
/Ra / / (P + 52)3/2 X(2)[? 16777 (o (t) — 2')” ded'da’
el2’|
- QWQ/R/O / (r2 + 52 (r2 +€2)32 [X(2)[? drdéd?’

_ / _ el?| INE,
_27TOz/R€|Z| (1 r(2)+(r(2)—1—52|z’|2)1/2) Ix(2")|*dz

> O — Cye® > Cye,

where Cy > 0 and ¢ is small enough. Therefore, by applying (6.3) and using (B.2)
we have for ¢ € [0, T7,

0
IVESP = VEP|| ooy + || — gDHLq(R2 |n25P — 2DHL1 e
with any 2 < ¢ < oo and 6 = 4. Bounding ||n?°? — ?DHLI(RQ) by Ce in view of
(6.2), one deduces for any ¢ € (2 oo)

25D _ 2D 0
IV = Ve i~y (Hn " HLq(Rz)> .o
€ €

Proceeding analogously, we obtain

25D _ 2D 1-6
V&P~ VePlloma) (Hn " HL1<R2)> o
€

€
Consequently, we deduce that

V5" = Vo llpmqme) + |02 = 3P| Loy = Ce, Va € (2, +00) (6.5)
and
||V02.5D o

VePllmsey + 127 =221y 2

The last inequality implies by a simple interpolation argument that (6.5) actually
holds for g € [1,400), which finishes the proof.
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Appendix

A Strichartz’ estimates in LY L¢L?

For any ¢ € [2, 00) we recall the notation ¢* = 2¢/(q—2): in the usual terminology for
the Strichartz estimates, the pair (¢*, ¢) is said to be admissible. The space Lf*Lng
was defined in Section 2. Let us first state an extension of the standard Strichartz
estimate for Schrodinger equations on R? with values in a Hilbert space [6, 7, 11, 20]:

Lemma A.1 Let T > 0 and H be a separable Hilbert space. For )y € L*(R?,'H) and
g € L'Y((0,T), L*(R?,’H)), we consider the solution 1 (t,x) € L>((0,T), L*(R?,’H))
of
, 1
{ 10y = _iAzw_'_g (A1)
1/1(07 ) = wO :
Then for any q € [2,00), the function ¢ belongs to LY ((0,T), LY(R?,'H)) and satisfies

11l Lo (0,m),La®2,1)) < Clltoll 22,y + Cllgll o), L2 R2.10)), (A.2)
where C > 0 denotes a constant.

Proof. Let (-, )y denote the scalar product on H and let (x,)pen< be a Hilbertian
basis of H. We shall make use of the Strichartz estimate for mixed quantum states
proved in [5]. For this, let us introduce the following functional space:

Lq(R2’H) = {¢ € Lq(R27H) : ||77Z)||%6(R2,H) = Z ||¢p||iq(R2) < +OO} 9

p>1

where we have denoted v, = (¢, x;)n (remark that this functional space a priori de-
pends on the choice of the Hilbertian basis x,). This space is continuously embedded
in L4(R? H); indeed we have

1/2 1/2
19l a2 = || D [l = <Z H|¢p|2HLq/2(R2>> = 1z (A3)
p>1 La/2(R2) p=>1
This inequality becomes an equality in the special case ¢ = 2 and we have the

identification L2(R?, H) = L2(R2, H).

This functional space ZE(]RQ, H) can be identified with the space L?(\) introduced
in [5, Definition 2.1] (in dimension 2 instead of dimension 3), with the choice A =
(1,1,1,---) and if ¢ is identified with the sequence of its components (¢,)pens-

Each component v, satisfies the equation

{ 00ty = —3 Authy + 05
Q/Jp((), ) = wO,p
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where g, = (¢, Xp)n and o, = (Yo, xp)n. Therefore, an application of [5, Theorem
2.1] (adapted to dimension 2) gives:

IWI\Lqm(O,T),za(Rz,H)) < Cl‘w0|’f§(R2ﬁ) + C|‘g|’Ll((07T)7§(R2’H))
= Cl[voll L2z 7y + CllgllLr(0.7).L2R2.310))-
We conclude the proof by using (A.3). 0

Let now A be an unbounded operator on H = L?*(R) with the domain D(A).
We assume that the operator A is self-adjoint and denote by e®* the unitary group
generated by ¢A on H. In the paper, the results of the appendix are applied to
the operator A = —%% + VE. The operator i(3A, — A), defined, with an abuse
of notation, as i(3A; ® Iy — L2z ® A) on H*(R?,'H) N L?(R? D(A)), generates a
group of isometries on L*(R? H) = L*(R?). Let us now consider the problem

. 1
w((]al'?z) = wO-

where the source term f(t,x, z) is given. The following result holds

Lemma A.2 Let g € L*(R3) and f € L'((0,T), L*(R?)). Then for any q € [2,0),
the solution 1 of the Schrodinger equation (A.4) belongs to LY LLL%((0,T) x R3) and
satisfies

1¥]lg=q2 < ClltollL2wsy + Cll f | Lr(o,),22®2)). (A.5)

where C' denotes a constant independent of the operator A.

Proof. This lemma is a consequence of the above Lemma A.1. Let us denote
o(t,x,2) = e a)(t, z; 2). Since A commutes with 9; and A,, we have clearly

{ 09 = =Dy + ™ f

¢(07 x, 2) = ¢0'
Therefore ¢ satisfies (A.1) with g = ¢! f. We conclude the proof by using (A.2),
since e is an isometry on L%(R). 0

B The Poisson equation with L?L! densities

This section deals with the convolution product
1
u=—x%f
r
where 7 = /|z|? + 22 and f € L2L!. We recall that throughout this paper z € R?,

z € Rand LPL? = [P(R? L%R)). We first prove the following result in R? with a
convolution kernel more singular than the kernel of the Poisson equation:
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Lemma B.1 (i) Let f € LP(R?) with 1 < p < 2. Then

[

< Gy || fllLe(m2), (B.1)
Lo (R2)

where p* = 2—”

,p
(ii) Let f € LP(R?) N L'(R?) with 2 < p < +o00. Then

Proof. The first part of the lemma is a straightforward consequence of generalized
Young’s formula [18]. Indeed the function z — 1‘ belongs to L2 (R?) and the

function f is in LP(R?), thus ‘ %, f belongs to P (R2), with % +i=1+ pi#.
In order to prove Item (%i), for any R > 0 we cut the integral into two parts:

< Cp 2oy 112 ey (B.2)

Loo(R2)

_ _p
where 0 = TR

1 /
m*zf' S / o |‘f(x)||d + —= Hf”Ll(RQ)

bz 1
SCR 7 || fll ooy + EHJC”U(RQ)7

where we used the Holder’s inequality to estimate the first integral. The value of
is obtained after an optimisation of R. 0

Lemma B.2 (i) Let f € LPL! with 1 < p < 2. Then we have

1 1
vt v Geo)| L <Gl (8.3
r p# 00 r p#,1
where p* = 22%’1). If in addition V. f € LPL! then
1
V.. (e1)| . =Gt (B.1)
p# 00

(11) Let f € L2L! N LY(R?) with 2 < p < +o0o. Then we have

1
% f
r

1
8 N E| ATV A
Lo (R3) 00,1

where 0 = 35 If in addition V. f € LPLI N LY (R3) then

et

< Cp IV fllpa IV f i ny- (B.6)
L= (R?)
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Proof. The two Items (i) and (ii) can be proved similarly by using respectively
Items (i) and (i) of Lemma B.1. We shall only prove here Item (i). Denoting
u:%*f,wehave

1
[u(z; )| ooy < T Lf (2, ) ey

and the first part of (B.3) is a consequence of (B.1), since z — || f(x, )| L) belongs
to LP(R?). Now we have

r—x 1ot Wi
/|Vuxz|dz /// ,|l Z|_ /)2)3/2|f(x,z)|dxdz dz.

= / Il da
o 1 M

N Ix\

where we have just evaluated the integral

|z — 2| 2
K —
R (o — 2|2+ (2 — 2)?) |z — |

Then by using again (B.1) we conclude to the estimate of ||V ul[,4,. We estimate
|0z || % 1 similarly:

Z/
/ |0, u(x, )| dz ///R4 = x/‘Q | Z/>2)3/2 |f (', 2")|da’ d2" dz.

= 1@, o de

R2 |3'j |

This proves (B.3). Next, in order to prove (B.4) and for ¢ = 1,2 we write

< Cp H@mipr,la (B-7)

p#,1

1
||VJ3,Z axi“”p#,l S Hvx,z (; * (azzf))

Together with (B.3) this implies that 9, u belongs to L¥”(R2, Wh(R)). Remark
that WH(R) < L*(R). Therefore, 9, u is in L2” L and satisfies

Haxiqu#,oo < CHazaxiqu#,l < Cp ||az1f||p,1

To prove (B.4), it remains to estimate 0,u. We recall that —A, ,u = f. Besides, we
remark that

= [ f(@, ) lne)
belongs to W'?(R?) — L*(R?). Consequently,

£l < CpllVafllpa
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and applying (B.7), we get
Hazzqu#,l < Hf”p#,l + ”Azqu#,l <Gy IVafllpa

Therefore, as above, 0,u is bounded in L R2, WHL(R)), thus in L L.
xX 4 l:‘

Lemma B.3 (i) Let f € LPL}, with 1 < p < oo, be such that [, f(z,z)dz =0, x

Tz

a.e. and z f € LPLL. Then for any o € (0, min(1,2/p)) we have

< Cllzfllpa ™I FI150 (B.8)

q?oo

1
B
r

2
where q = 3 ’;p

(ii) Let f € LPL.,
zf€LPL.. Then

with 2 < p < oo be such that [, f(x,z)dz = 0, z a.e. and

< O f I PIFN (B.9)

L>°(R3)

iy

r

Proof. Denote u =1 f. Since [, f(z,z)dz = 0, we have

]' 1 /Z/ :L_/ Z/
uenz) = //Rs<(\x—xf\2+(z—zf)2)1/2_(\x—xf\2+22)1/2> fle,z)dvd

- JL /0 <(|:v - :1:’|22—|—_(z§ - 5)2)3/2> f!, &) dedud’ (B.10)

Then we remark that for any z, £ and x # x’, we have
|z —¢l < 2 1
(lx — /2 + (= — €)2)** ~ 3Bz —2'|?

(B.11)

and that

!

: 2 —¢l 2 —¢l 2
d€ = . (B.
né(h—fP+@ = /)u—fv T P M

Let us first prove (B.8). By (B.11) and (B.12) we have for any 0 < o < 1

// s <c [ AR

f|2 (z — £)2) R |z — 2P0 |z — 2|

C
< mg(fﬂ)

- </|zf(x,z)|dz)1a </|f(:v,z)|dz)a
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Hence from (B.10) we deduce that

fute i < € (s +9) @)

From the assumptions on f, we deduce that g belongs to LP(IR?). Since the function
T \w\% belongs to L2/ (R?), the generalized Young’s inequality gives (B.8).

In order to prove (B.9), the right-hand side of (B.10) is cut into two parts

R3 le—z'|>R |z—2'|<R

By (B.11), the first part is controlled by

2 xla ’ ! ¢
C’/| >R LRICIR AL dr’ < 12" fllp1
r—x'|>

|lx — 2'|? =~ R2/p

while the second integral is estimated, through (B.12), by

o W M o o pr-aimy gy
|z—2'|<R |l‘ - x/| B -

An optimisation of R leads to (B.9). O
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