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Abstract

Weak solutions of a Vlasov-Schrédinger-Poisson system are shown to ex-
ist in the stationary and time-dependent situations. This system models the
transport and interaction of electrons in a bidimensional electron gas. The
particles are assumed to have a wave behaviour in the confinement directions
(z) and to behave like point particles in the directions parallel to the elec-
tron gas (x). For each fixed x and at each time ¢, the eigenfunctions and
the eigen-energies of the Schrodinger operator in the z are computed. The
occupation number of each eigenfunction is computed through the resolution
of a Vlasov equation in the z direction, the force field being the gradient of
the eigen-energy. The whole system is coupled to the Poisson equation for the
electrostatic interaction. Existence of weak solutions is shown for boundary
value problems in the stationary and time-dependent regimes. The proofs rely
on the one hand on the study of quasistatic Schrodinger-Poisson systems and
on the other hand on an energy estimate (for the time-dependent case) and
on supersolution techniques (for the stationary case).

1 Introduction

Classical motion of charged particles (say electrons) can be described by kinetic equa-
tions (Vlasov, Boltzmann) coupled to Poisson equation for the electrostatic forces
[30, 12, 33, 4, 1, 37, and references therein]. For ultrasmall electron systems, like
nanostructures, quantum effects like tunneling are important [46, 18, 25]. The system
is then well described by the Schrodinger-Poisson system [15, 34, 31, 40, 41, 42, 11].
In various situations, like in resonant tunneling diodes [17, 24, 39], quantum effects
occur in some parts of the electron ensemble while other parts exhibit purely classical
behaviour. A sound description of such systems requires the use of the Schrodinger
equation when necessary and kinetic (or fluid) equations otherwise. This leads to
spatial coupling strategies between quantum and classical models which is the subject
of an intensive research effort [5, 6, 19].

In partially confined electron systems like two dimensional electron gases (2DEG),
nanotubes or nanowires, the quantum-classical coupling has different features. In-
deed, the width of a two-dimensional electron gas lying at a heterojunction (like



Silicon-Oxide junctions in field effect transistors, or GaAs-AlGaAs junctions in mod-
ulation doped structures) is a few nanometers. As this length is comparable to the
electron de Broglie length, the description of transport phenomena necessitates the
use of the Schrédinger equation. In the direction parallel to the heterojunction, the
lengthscale is usually several times higher, and a classical description for electron
transport is suitable. This leads to a coupling between classical and quantum mod-
els in momentum space. The so-called subband models [2, 3, 18, 25] which rely
on the Born-Oppenheimer approximation allow such coupling. They have been re-
cently derived by the authors in [8] thanks to a partial semi-classical limit of the
Schrodinger equation (see [29, 45] and references therein for a related approach in
molecular dynamics). The aim of this paper is to analyze a ballistic subband model
coupled to the Poisson equation. All along the paper, the confined direction is de-
noted by z € (0,1) (the study is restricted to one-dimensional confinement), while
the non-confined direction is called x € w, where w is a bounded regular domain of
R4,

In dimensionless variables, the problem consists in finding, for ¢t € (0,7), = € w,
z € (0,1) and v € R? the unknowns V (¢, x, 2), (€,(t,z), x,(t,x, 2), fp(t,z,v))

peEN*
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(1.2)

1
X:D<t’xv ) S H(}(Oa 1)7 / Xqu dZ = 51’11’
0

—Aav=%" (/R fo dv> ol (1.3)

p>1

with suitable initial and boundary conditions that will be specified later on. In this
system the symbol A is the Laplace operator in the (x, z) variables. The function V is
the selfconsistent electrostatic potential while V,,; is a given external potential. The
functions €,, x,, f, are the energy, the wave function and the distribution function
of the p-th subband. For a given potential V', the problem (1.2) is an eigenvalue
problem in the z variable, parametrized by ¢t and x. The study is restricted to
one-dimensional confinement in order to avoid energy crossing and to ensure the
regularity, with respect to V, of the wave functions and energies of subbands.

The problem is quantum and quasistatic in the z direction while it is classical
and evolutionary in the x direction. A special solution of (1.1)—(1.3) can be con-
structed by assuming invariance with respect to x, which leads to the stationary



one-dimensional Schrodinger-Poisson system
1 d*x,

2 dz?

d*V 2
s > N el

p>1

+ (V + Vezt)Xp = €EpXp s

A more general version of this Schrodinger-Poisson problem is treated by Nier [40]
by a variational technique (se also [41, 42] for the same problem in higher dimen-
sions). We shall employ some of the results and techniques of [40], to analyze the
”Schrodinger part” of our system. Concerning the ”Vlasov aspect”, we shall make
use of the standard LP, interpolation and energy estimates satisfied by weak and
renormalized solutions [30, 12, 33, 1, 20, 21, 36, 37, 38|.

2 Definitions and main results

The variable z lies in a bounded regular domain w C R?, whered =1, d =2 ord = 3.
We set 2 = w x (0, 1) and denote by v(z) the outward unit normal vector at z € dw.
The domain €2 represents the spatial domain where transport and interaction will
be studied. The case d = 3 is included in our analysis, although it corresponds to a
four dimensional position space ! The incoming/outgoing sets are defined by

Yy ={(z,v) € %; +v-v(zx) > 0}, where ¥ = 0w x R?, (2.1)
and equipped with the measure
dX(z,v) = |v-v(z)|do(x) dv, (2.2)

where do is the surface measure on dw. The p—th subband surfacic charge density
and surfacic current density are defined by

o= [ fodo o G= [ vfde
R4 Rd

while the total (volume) charge density will be denoted by

n=¥" (/d £ dv> ol = oo Il

p>1 R p>1

Definition 2.1 (i) Let 1 < p,q < 4+00. Then

LPr(§Q) = {u € Lipe(),  Nullprao) = (/ lu(@, MFa0 d‘”) < +OO} (2.3)
(with an obvious generalization of this definition for p = 400).
(i1) Let 1 < r < +o0. Then
Wir={ueW"(Q), u=0ondwx(0,1)}; H,=W> (2.4)
(iii) If 1 <1 < 400 then Wb is the dual of W), where r' = L=
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For any Banach space E, we shall say that a sequence (p,),en+ belongs to (¢(E) if
for all p > 1 we have p, € B and if (3_ -, 1p,]|)Y/9 < +o0, the last quantity being
the norm of (p,)pen+ in ¢?(E). The collection of (p,)yen+ Will also be denoted by (p).

2.1 The stationary problem

Let us consider the stationary version of the Vlasov-Schrodinger-Poisson problem
and make precise the boundary and initial conditions:

v-Vafp = Vi€, -V, fp =0,
(2.5)
Y =g+ (1 - O‘>RID(’Y+JC}9) on X_,
(1
_5 aszp + (V + ‘/e:ct)Xp = Epoa
1 (2.6)
Xp(xa') € H&<071>7 / Xp Xq d’z:(qu’
\ 0
—AV = Z (/ fpdv> ol
p=1 VT 2.7
V=0 ondwx(0,1), (2.7)
0,V=0 onwx{0} Uwx{l}.

\

The operators v~ and 7+ denote the trace operators respectively on ¥_ and X,.
For any p > 1 the boundary distribution function g, is given and R, is the elastic-
diffusive boundary operator defined as in [7, 35] by

Ryp(f) (2, 0) =/ op(x, v, 0)o([vl* = W) f(@,0) [ - v(z)| ', ¥(w,v) € B

v'-v(x)>0
(2.8)
We shall make the following assumptions on the data of the stationary problem:

Assumptions:

(HS-1) 0 < a <1 and 0, is a nonnegative function such that

/ op(z, 0, 0) §(Jv]? = [V']2) v - v(x)| do = 1 for (z,v") € Xy
s (mass conservation),
o(z,v',v) =o(x,—v, =) (reciprocity).
(HS-2)  The external potential V,,; is nonnegative and lies in C?(Q).
(HS-3)  There exists a sequence of nonincreasing functions G, such that

,UQ 7T2 2
0 < gp(z,v) <G, (5 + 2p + agi?g(u(%”)) ,




+o00 2 2,2
with Zp/ lu|*G, (% + 7r2p ) du < 400.

p>1 70

Theorem 2.2 Under Hypotheses (HS-1)-(HS-3), the system (2.5)—(2.7) admits
a weak solution (V. (€,, Xp, fp)pen+) such that V. € W25(Q), €, € W?*(w), x, €
W25(Q) for all s < +o00 and the total charge density n belongs to L>=(2). Moreover
this solution satisfies the following pointwise estimate:

2

0< folz,v) <G, (% + Ep(x)> . (z,0) €wx R

2.2 The time-dependent problem

Now we turn to the time-dependent Vlasov-Schrodinger-Poisson problem and make
precise the initial and boundary conditions:

( Oufp+v-Vaufy,—V.€,-V,f, =0,
v f=ag,+ (1 —a)R,(v"f,) on (0,T)xX_, (2.9)
\ fp(O,ZE,U> - fp,()(ZL‘,U),

(1
-3 Oz:Xp + (V + Vewr)Xp = €pXp s
1 (2.10)
Gt ) € B0, [ ngds =,
. 0
( 2
—AV =) (/ fpdv> ol
p>1 \JR 2.11
V=0 ondwx (0,1), 21

0.V=0 onwx{0} Uwx{l}.

\

The boundary operator R, is the same as the one introduced in the stationary case
with a possibly time-dependent cross section

Rp(f)(t, 2z, v) = / ap(t, 2, 0", 0) 8([vf* = [V'2) f(t, 2, 0) |- v(@)| &
v -v(z)>0

The following assumptions on the data of the time-dependent problem are made:

Assumptions:

(H-1) 0 < a <1 and 0, is a nonnegative function such that

/ op(t, 2,0, )6 ([v]* — V') v - v(z)|dv =1 for (¢,z,0") € (0,T) x X4
vv(x)<0

(mass conservation),



o(t,z,v',v) =o(t,x,—v, =) (reciprocity).

(H-2) The external potential V,,, lies in C([0,T],C?(Q)) N C'([0,T], C(Q)).
(H-3)  f,0>0, ((1+0*+p?)fp0) € (L' (w x RY)).

(H-4)  (fpo) € ((L®(w x RY)).

(H-5) 9,20, ((L+v*+p°)g,) € L/(LY(0,T), L'(E-,d%))).

(H-6)  (gp) € €/(L>((0,T) x X))

Using the notations

M():Z pr,oHLoo(Q) N Z//l—l—v +p? ) fpodxdv (2.12)

p>1 p>1

T
M, = Z gpllLeoryx=_y 5 Ebo= Z/ // (1+0* +p*)gp(t, ,v) dS(z, v)dt,
p>1 p>1 70 -

(2.13)
the main theorem for the time-dependent problem is

Theorem 2.3 Let T > 0. Under the hypotheses (H-1)—-(H-6), there exists a bound
& depending on ||Vew: (0)||c2 and on fOT 1[0 Vewt) || oo dt such that if

(MQ + Mb)Q/d(EO + Eb) <& (2.14)

the system (2.9)-(2.10)-(2.11) admits a weak solution (V, (€, Xp, fp)pen+) on [0,T] in
the following functional spaces

d+2

£(Q),  nec(0,T), LT >(Q),

= (©)),

Ve c(o,T], W

d+2 d+2

€ € C([0,T],W* T (w)),  xp € C([0,T], W™

2.3 Outline

An important part of the work relies on the analysis of the quasistatic Schrédinger-
Poisson problem similar to the one studied by Nier in [40]. This is the object of
Section 3. Section 4 is devoted to the proof of existence of stationary solutions
for the Vlasov-Schrodinger-Poisson problem (2.5)—(2.7). It uses the supersolution
technique developed by Poupaud [43]. We briefly describe the proof which relies on
the Schauder fixed point theorem and stress on the differences between our prob-
lem and the standard Vlasov-Poisson problem. In section 5, the time-dependent
problem is tackled with a fixed point procedure (different from the one used in the



stationary case) which takes advantage of an energy estimate. This a priori esti-
mate is obtained in Subsection 5.1. The properties of the Vlasov equation (2.9) are
recalled in Subsection 5.2, while Subsection 5.3 is devoted to the analysis of a regu-
larized Vlasov-Schrodinger-Poisson problem whose unregularized limit, performed in
Subsection 5.4, finishes the proof of Theorem 2.3. Section 6 is devoted to some com-
ments while the Appendix contains some basic spectral properties of one-dimensional
Schrodinger operators and some results on Sobolev embeddings in the LP4 spaces.

3 Analysis of the Schrodinger-Poisson system

This section is devoted to the study of the Schrodinger-Poisson system

( 1
_5 szp(ta X, Z) + (V + ‘/ext)Xp(ta T, Z) = Ep(ta x)Xp<t7 T, 2)7
1 (3.1)
Xp(t ;.)€ Hé((), 1), / Xp Xq 42 = 0pq
\ 0
([ —AV = pr(tu z) |Xp(t7 Z, Z>|2 )
p>1
¢ V=0 ondwx (0,1), (32)
9.V=0 onwx{0} Uwx{1}.

\

We recall that w C R? and shall not make in this section any restriction on the di-
mension d € N*. The occupation numbers p,(t, z) are assumed to be given functions.
They satisfy integrability conditions which shall be specified later on. Although in
practice p,(t, x) are nonnegative, no sign assumption assumption is made in this sec-
tion. Besides, the time ¢ appears only as a parameter and is skipped for notational
simplicity.

Let us first introduce a regularized version of the Schrodinger-Poisson system
(3.1)-(3.2). First define the linear regularization operator by

R LY(Q) — C=(Q)
B (3.3)
Voo BV@ ) = (Vb )y

where V is the extension of V' by zero outside 2 and & and & . are C* nonnegative
compactly supported even approximations of the unity respectively on R? and R.
Standard convolution results imply the following lemma, that we state without proof:

Lemma 3.1 (i) The operator R is a bounded operator on LP1($2) for1 < p,q < 400
and satifies
Ve M), [|R[V]|[Lra < [V ]|Lea,

if 1<p,q<-+oo then lil% |R°[V] = VLra =0.



(ii) Assume that V € C°((w), L%(0,1)) for some q < +oo. Then lim._ ||RE[V] —
V|zeca(wx(0,1)) = 0 for any open W' such that W C w. If moreover V(z,-) = 0 on
Ow, then lim._o | RE[V] — V|| Ls.arq) = 0.

(iii) The operator R is selfadjoint on L?(2).

(iv) Let r > 1 be given and let V € WL, Then

V.R V] =RV, V] ; lin% |VoRE[V] = V.V]r) = 0.

The regularized Schrodinger-Poisson system reads

(1

=5 O=axp(15.2) + (REIV] 4 Vew)xp (5 2) = €5(2)xp (5 2),

1 (3.4)

Xp(x7 ) < H&(()? 1)7 / Xp Xq dz = 61"17
\ 0
)

—AV =R > pp() Ixp(w; Z)I2] ,

p>1

V=0 ondw x (0,1), (3:5)

| 0.V =0 onwx {0} Uwx{l}

Remark 3.2 When ¢ = 0, the regularization operator is Ry = Id and the regular-
ized problem (3.4)-(3.5) reduces to the unregularized system (3.1)-(3.2).

The main results of this section are the following two theorems:

Theorem 3.3 (Existence and estimate) Let ¢ € [0,1] and (p,(x))y>1 be a set of
occupation factors in £1(L9) for some q satisfying max(1,d/2) < q < +o0.

(i) Assume that Vg € L7°(Q) N LY (Q) where ' is the conjugate coefficient of q.
Then (3.4)-(3.5) admits a solution (V, (€5, X5)p>1) such that V= € W>4(€Q).

(1) Assume that Ve € L=1(Q). Let (VE, (€, X5)p>1) be a solution of (3.4)-(3.5)
such that V¢ € WLl Then V¢ € W29(Q) and

HVSHWQ’q(Q) S Cp»Vezt Y
where the constant Cyv,,, only depends on ||p||o(ray and ||Veg| Lo

Theorem 3.4 (Uniqueness and continuity for small data) Let ¢ € [0,1] and
max(1,d/2) < q¢ < +oo. Assume that Vo € LT°(Q) N LY(Q). There exists a
constant N independent of € such that:

(i) If || pll ey < N, the solution (V=, (€5, x5 )p>1) of (3.4)-(3.5) is unique and satisfies

1VElw2a) < Cllplle ey

Moreover, as € — 0, the solution V= of the regqularized problem (3.4)-(3.5) converges
to the solution V of the unregularized problem (3.1)-(3.2) in the W4(Q) topology



and uniformly with respect to (p).
(i) If (pp)p>1 and (pp)p>1 are two sets of occupation factors such that ||pl|epa) < N
and ||plle ey £ N then the corresponding solutions satisfy

1VE = Vellwea) < Cllp— pllas.

(1) If [|plle(ray <N and (p?pp)p>1 € €1(L' (w)) then the kinetic and potential ener-
gies defined by

Eriny = Z// ]3ZXP|2 ppdrdz &, = Z// cat Pp d:CdZ—i—// V.. Ve dadz
p>1
satisfy the estimates
iz <C Y P lopll 5 & < Cllpllacany. (3.6)
p>1

In this theorem, the constants N* and C only depend on ||Veyt|| o1

The proofs of these theorems are developed in the three following subsections.

3.1 Step 1 : Construction of a solution in H'(Q)

In order to construct a solution in H] of the regularized Schrodinger-Poisson sys-
tem, we proceed analogously to [40] and notice that this problem has a variational
structure. Indeed (V*, (€7, x5 )p>1) is a weak solution of (3.4)-(3.5) if and only if V*
is a critical point in H] of the functional

Jpe(V) = J'(V) + J, .(V), (3.7)

where

1
J'(V) =§/Q|vx,zvy2da:dz

and

= / Vear(z, )] — €[RE[V](2, ) + Vewr(z,-)]) pp(x) d .

p>1

The function €,[U] is the one defined in Appendix A. We shall prove that, under
slightly different hypotheses from those of Theorem 3.3, the above functional has a
minimizer and that this minimizer defines a solution of (3.1)-(3.2).

Lemma 3.5 Let ¢ € [0,1]. Assume that (p) € (*(L?) for some q > % and that
Vewt € L9(Q). The functional J,. defined in (3.7) is continuous, locally Lipschitz
and weakly lower semicontinuous on HY. It is coercive : there exists a constant C,

depending on q (and not on £) such that

1
Toe(V) 2 51Va:Vlizz = Collpllewn VeV ilz.



Proof. We have J,. = J° + J .. The first functional J° is continuous and weakly
lower semicontinuous on H 1(9) Whlle the second one J, ! satisfies

5 e(U) = (V] < C Y NENRUT + Viad] = €[RTV] + Vit ll o | 99 0

p>1

where ¢’ < 7% is the conjugate coefficient of ¢. Lemmas A.1 and 3.1 imply
| T(U) = J,ie(V)l < Cllplle @[BTI = V]l ooy < CllollawollU = Vi Lo ooy

Therefore J) _ is Lipschitz on L9>°(Q) (with an e-independent Lipschitz constant).
Since H'(f2) is compactly embedded in L9*°(€2) (see Lemma B.1), J, ) 1s Lipschitz
and weakly continuous on H'(Q). Finally, the coercivity inequality on J,. can be
deduced from J} _(0) = 0 and Poincaré’s inequality which is satisfied on H}. O

We are now able to prove the

Proposition 3 6 Lete €[0,1] and (p,(z ))p>1 be a set of occupation factors in £*(L9)
for some ¢ > 75, Assume that Vg € L7°(Q), where ¢ is the conjugate of q. Then
the system (3. 4) (3 5) admits a solution (V°, (€5, x5)p>1) such that V= € H'().

Proof. Lemma 3.5 yields the existence of a minimizer V¢ to J,.. Since J,.(0) = 0,
the coercivity inequality implies that ||V, .V®|[z2 < 2C||pller(ey- The only thing
left to show is that V¢ satisfies (3.4)-(3.5). This is a consequence of the following
Lemma 3.7. O

Lemma 3.7 Assume that p € (*(L%) for some q¢ > d+1 and that Vi € L9(Q),
where ¢ is the conjugate of q. Then for all U,V € LY>(Q), we have

J;E(VHU) — J;E(V)

lim = : =
t—0 t
/ RS ppl@) Dol (BEIV] + Vi) ()] (2) | U, 2) d d.
p>1
Proof. Let . .
_ JP,S(V +tU) — Jpﬁ(V)
t p .
Then we have
V] + Vegr + tRE[U ,)] = EL(RENV] 4+ Views) (2, -
L @) =GRV Ve )

p>1

10



Pointwise in z, the function (¢, z) — V(x, 2) +tU(z, z) belongs to L=((0,1)?). Hence
Lemma A.6 applies and from (A.15) we deduce that each term of the integrand of d,
converges almost everywhere towards

@) [ DIV + Ve 0 I (DR )

The integration with respect to x and summation over p is done thanks to the
Lebesgue dominated convergence theorem. Indeed, by (A.7) and Lemma 3.1, each
term is bounded by ||U(z,-)||ze(0,1)|pp(2)], which belongs to ¢!(L'(w)). Therefore

lim 5, = - / ppl) / XL (BEIV] + Vi) (2, I () BE[U (o, )z

t—0

which finishes the proof since R® is symmetric on L?(Q). 0

In the special case where the p, are decreasing with respect to p, the solution
of (3.4)-(3.5) can be shown to be unique. The following result is independent of
Theorems 3.3 and 3.4 and is true even for large data p, :

Proposition 3.8 Lete € [0,1] and (p,(x)),>1 be a set of occupation factors in £*(L9)
for some q > QJfl. Assume that Vo € L7°(Q), where ¢ is the conjugate of q. If
pp+1(x) < pp(x) for all (p,x) € N* x w then the system (3.1)-(3.2) admits a unique
solution such that V € HY.

Proof. Only the uniqueness has to be proved. To this aim, we proceed analogously
to [40] and prove that J, . is strictly convex. But since J is itself strictly convex, it is
enough to show that J, ! is convex. We recall that, by Lemma 3.5, J, ! _is continuous
on H'(Q). Similarly, one can show that for any fixed V€ H 1(9) the functional
Vewr — J, (V) is continuous on L9°(Q). Therefore by a density argument it is
enough to show that for Vo,, € L=(Q) the functional .J} _ is convex on L>(Q).

To this aim, we apply Lemma 3.7, then (A.17) to deduce that J;e is twice Gateaux
differentiable on L>(2) and satisfies

I VIW-W = —222/6 e (/ prqu[W]dz)de

P q#p

_ Zz/pp (/0 XquRE[W]dz)Qda:EO.

P q#p

This shows the convexity of J) _ on L>(Q). 0

11



3.2 Step 2 : Estimate in W?4(2) (proof of Theorem 3.3)

Proof of Item (i1). Let (V= (€, x;),>1) be a solution of (3.4)-(3.5) such that
Ve e Wl Assume first that the p,’s are nonnegative. By the maximum principle,
V¢ is nonnegative. Therefore, the function

We(x) = [[Ve(z,-)

1
2(071):/ Ve(z,2)dz
0

satisfies the equation

I
M

AW (2)

pr Xp (2, )] ] dz

p>1

[mwmww@mjwmzzﬂw@emw.

p>1

Standard elliptic regularity results insure that W¢ € W?%(w) and that its norm
depends only on ||p||e(ze). Besides, since ¢ > max(1,d/2), W*%(w) is embedded in
L>(w). Hence V¢ € L>(Q).

In the general case where p, does not have a constant sign, denoting
pp=py, —p, and |p|=p, +p,,
Ve can be written V¢ = Vot — Ve~ | with

> o helVel?

p>1

Vet =0 on dw x (0,1),
\ 0,VeEE=0 onwx {0} U wx{l}.

_Avs,i — R°

Therefore . .
Ve Mo < [ Vo 2de+ [ V(o) d
0 0
The right-hand side can be treated as above, which leads to
IVl o) < C (o lerway + o7 [l zay) < Cliplle ey

Since Ve € L), we deduce from Lemmas 3.1 and A.3 that the Xp's are bounded
in L>(2) independently of p:

||Xp||L°°(Q) < Cp = Cjexp (Cz ||PH£1(L<1)) )

where the constants are independent of p and € (and only the constant C'; depends
on [|[Vegt||zoo1). Therefore the right-hand side R°[Y" p,|x,|°] of the Poisson equation

12



(3.5) is in L9(€2) and its norm is bounded by (C,)? ||p|ler(1e). Elliptic regularity results
show that V' € W?24¢(Q) and finishes the proof of Theorem 3.3, item (ii).

Proof of Item (i). For ¢ > ﬁdl (i.e. d > 3), Proposition 3.6 insures the existence
of a solution. The fact that V¢ belongs to W24(Q) is a consequence of Item (1) of
Theorem 3.3.

P
1+ %pQ |Pp|
corresponding solution of the regularized Schrodinger-Poisson system constructed in
Proposition 3.6. It is clear that (p") € ¢*(L>°(w)) and that

In the case g <

2d

FInE for n > 0 and define V" as the

we set p; =

Hpnufl(Lq) < ”PHﬁl(Lq)-

Item (77) implies that [|[V"||w2a4@) < C, where C' is independent of n. Hence by
Lemma B.1 we can extract a subsequence which converges as n — oo in the L>*9(€)
strong topology and in W2%(Q)) weak. The inequalities (A.23) and (A.24) enable
to deduce that for any fixed p the sequences €} and X, also converge as n — oo
respectively in L>®(w) and L*°(€2) (uniformly with respect to p). Therefore we can
pass to the limit in (3.4)-(3.5) and the limit V is a W?29(Q) solution of this system.
The proof of Theorem 3.3 is complete. 0

3.3 Step 3 : Uniqueness and continuity (proof of Theorem
3.4)

Let us start with Item (7). Denoting respectively by V¢ and V¢ two solutions
corresponding to p and p, we have

—A(V€ i ‘76) — R¢ + R

Z (P — Pyp) |>~(;€;|2

p>1

> (Gl - !>22|2)] . (38)

p>1

By Item (%) of Theorem 3.3 and the embedding of W%%(Q) in C°(w, L1(0,1)) we
have )
IVl zoeaq@) + [Vl L) < Cppvine

where C, 5 v.,, denotes a generic constant depending on ||p||¢(zq), ||A]ler(zey and on
|Veat|| Lo () (uniform in ). From (A.12), (A.24) and Lemma 3.1 we deduce that

HX;”LOO(Q) _I_ HX;HLOO(Q) S vaﬁvvezt7

1S — Xollo@) < Copvin: IV = VE|lw2a.
Therefore

IA(VE = V) a@) < Copvias 10 = Bllerzay + Copviae ol ey [VE = VE|lw2agqy-

13



Elliptic regularity implies
IVE = VEllw2a@) < Cppviae 0= Bllerway + Copvias 10lleroy IV = VElw2aey- (3.9)

By noticing that under the assumptions ||p[lgaey < N and [|p|laey < N, the
quantity Cy 5 v.., ||plle(re) tends to 0 as N tends to 0, one can choose A small enough
so that quantity is smaller than 1/2. The Lipschitz estimate stated in (i) finally
follows from (3.9). Remark that N depends only on ||Vl zec.1-

The first part of Item (i) is a direct consequence of (ii). For the second part, let
(p) be given, satisfying ||pl/¢ ey < N, and let V* (resp. V) be the solution of the
regularized (resp. unregularized) Schrodinger-Poisson problem. We have

pr X l? pr (’X;‘Q - ’XPIQ)] : (3.10)

p=1 p=>1

—A(VE—V) = (R — Id) + R

Since HZP>1 Pp |Xp|2H @ < CN, Lemma 3.1 implies the convergence to zero (as
= La(Q

e — 0, and in L?(2)) of the first term of the right-hand side of (3.10). The second
term can be estimated as above by using (A.24) and Lemma 3.1:

> o (G = ol

p>1

< ON|RE[VE] = V|1 (q)

La(Q)

< CON ([FEVE] = BV =) + [1RV] = V=)
< ON (V= Vwza) + 1B [V] = Vi[rea@) -
Besides, the embedding W24(Q2) C C°(w, L4(0, 1)) and the boundary condition V' = 0
on dw x (0,1) imply that [[R*[V] — V||1e1(q) converges to 0 (apply Lemma 3.1).
Therefore
| = AW = V)20 € CNIVE = Vo) + of1).

Standard elliptic estimates and the smallness of A imply that V¢ converges to V' in
W24(Q)) strong.

It remains to prove (%4). Since ||p|lp(zey < N, Item (i) applies and yields the
boundedness of V¢ in L>9(2). Consequently, (A.12) implies the uniform estimates

Gl ey C 5 10X o) < CP*

i (first part of (3.6)) while the esti-
; is obtained by multiplying (3.5) by V¢ and integrating on €2,

/ V. Ve du dz ://VERE > o \x§!2] dz dz
p>1

< Voo sup ”X;HQL‘”(Q) pller
p>1

The second inequality gives the estimate of &

mate of &,

< Cllpllezry-
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4 Analysis of the stationary Vlasov-Schrodinger-
Poisson problem

This section is devoted to the proof of Theorem 2.2. It is independent of Section 3.
The proof relies on the application of Schauder fixed point theorem for a regulariza-
tion of the problem and uses the supersolution technique developed by Poupaud in
[43]. More precisely, let € and A be two positive regularization parameters that we
shall let tend to zero. Consider the mapping Sy . defined on L*(2) in the following
way : for a given potential V € L*(Q), let (€,, x,) be the solution of

1

=5 0=Xp(252) + (BEV] + Vear)xp (25 2) = €p(2)X5(23 2),

1 (4.1)
Xp(7,°) € HS(O, 1), / Xp Xq 4z = Opg s
0

where the regularization operator R* is defined in (3.3). Then, compute f, by solving

{)\fp—i—v-vzfp—VIGp-vap:O, (42)
Y fp=ag,+(1- O‘)Rp('7+fp> on Xi_.
Finally, define V* = S, .(V) as the unique solution of
(
AV =R </ fpdv) |Xp|2] ,
p>1 R
(4.3)

V*=0 ondw x (0,1),
| 0.V*=0 onwx {0} U wx{1}.

The mapping S . is clearly uniquely defined. Indeed, the only thing to be checked is
the existence and uniqueness of solutions of (4.2). This is a consequence of the fact
that €, is in C*(w) (by Lemma A.6, the €, have the same regularity as the potential,
see also Lemma 4.4 at the end of this section) and to the following

Lemma 4.1 Assume that €, € C*(w). Under the assumptions (HS-1) and (HS-3),
(4.2) admits a unique weak solution f, € L'(w x R?). Moreover, we have

02 () <Gy (5460,

Proof. Uniqueness of solutions follows from the fact that A > 0, @ > 0 and from the
following Darrozes-Guiraud inequality: for any convex nonnegative and continuous
function J and for x € dw we have

/ T (Ry(f)) (0, 0) o - v(@)|dv < / ()@, 0) v - v(z)|do.
vv(z)<0

vv(x)>0

15



Indeed, if f is the difference of two solutions, multiplying the Vlasov equation for f
by sgn(f) and integrating with respect to (z,v), one obtains

_ = _ +
A/wmd\fldxdv = /E Iy fldE /Z+ T fldE
— (11— + Ay — +£ld
(1 04)/2+|Rp(7 )] dE /Z+|7 fldx

< 0.

The existence of solutions can be proved in the same spirit as in [43] (the index p is
skipped in this proof for simplicity):

= lim -
S Z I
where the limit is taken in the weak sense and f is defined by

{ >‘fk+v'vxfk_vx€'vvfk =0
v fr=ag+ (1= a)R(Y" fi1),

with fi(z,v) = G(v?*/2 + €(x)). The function f exists, since it is readily seen by
induction that 0 < f, < G(v?/2+ €(z)) and is obviously a solution of (4.2) satisfying
the supersolution estimate 0 < f < G(v?/2 + €(x)). 0O

The mapping S) . satisfies the following properties:

Lemma 4.2 Let BT = {V € L>*(Q) : 0 < V(x,2) <7 a.e}. Then there exists
R > 0 independent of A\ and € such that

SA,E(BE) C Bf

Moreover, for all ¢ € [1,400), there exists a constant C, independent of \ and &
such that
Sye(BE) C{V e WHH(Q) [V lwaaey < G}

Proof. Let V € Bf. The supersolution estimate shows that

o<pp<><|sd1|/+°o|u|“a( +60)) du

where |S;_1| is the measure of the unit sphere. Since V + V,,; > 0, it follows from
Hypothesis (HS-3) and from (A.6) that p,(z) < C' M, where

o0 u2 T p
M :/ lu|"'G (— )du
p 0 p 2 2
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Applying (A.10) with r = +oo yields

0< —AV* <> pM,+R'?> M,

p=>1 p=>1

The first inequality implies the positivity of VV*, while the second one yields by elliptic
regularity
IV*|lwae < Cy(1+RY?) Vg < +oo. (4.4)

which implies the inequality |[V*||r~ < C(1 + RY2) since W24 is embedded in L>
for ¢ large enough. It is now enough to choose R such that R > C(1 + R'?) which
shows the first part of the lemma. The second part follows from (4.4). 0O

Remark 4.3 The hypothesis V. € C*(W) is not necessary. It is enough to assume
that Ve € L°YQ) and that V.V € LY(Q). With these hypotheses, one has
to mollify Vey in the reqularized problem. The above hypotheses insure that V€, €
LY(w). This is enough to pass weakly to the limit in the nonlinear terms of the Vlasov
equation V€, -V, f, since f, is bounded in L>. Moreover Item (i) of Theorem 3.3
gives a uniform bound of V in any W>4(Q), which enables to pass to the limit in the
Schrodinger-Poisson system.

The above lemma shows the existence of a convex bounded set of L>(2) which is
let invariant by S . and also shows the compactness of S .. The continuity of S is
easily obtained (the details are left to the reader). Hence, S, . admits a fixed point
VA¢. The passage to the limit A\, — 0 can be done without difficulty since V¢ is
bounded uniformly in W24 for all ¢ < +o00. This shows the existence of solutions of
the unmodified stationary Vlasov-Schrodinger-Poisson problem (2.5)—(2.7).

To complete the proof of Theorem 2.2, it remains to explain how the regularity
of the eigenvalues €, and eigenvectors x, can be deduced from the regularity of the
potential V. This is the object of the following Lemma, which uses the notations of
the Appendix A:

Lemma 4.4 Let q € (max(1,d/2),4+00]. Assume that V € W>4(Q). Then €,[V] €
W2 w) and x,[V] € W>4(Q).

Proof. Since ¢ > max(1,d/2), Lemma B.1 implies that W¢(Q2) C L?%%()). There-
fore V,V € L?%9(Q)). Besides, Lemma B.1 (iv) implies that V € L>9(Q). Conse-
quently, (A.11), (A.16) and (A.20) lead to €, € W*4(w). Similarly for x, (A.12),
(A.18), (A.20) and (A.19) show resp. that x,, V.X, and the second derivatives #;Ij

82
8xiaz 5
(A.3) to estimate 25, 0O

or

of x, are in L9(€2). We conclude the proof by using directly the equation
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5 Analysis of the time-dependent Vlasov-Schrodinger-
Poisson problem

The aim of this section is the proof of Theorem 2.3. The strategy relies on a fixed
point argument, as in the stationary case, but is more complicated due to the time-
dependence. Indeed, the Poisson equation provides compactness with respect to
position variables, as seen in the stationary case, but not with respect to time.
Therefore, we shall use the averaging lemmas of the Vlasov equation, coupled to
the results of Section 3 (Theorems 3.3 and 3.4), which requires the smallness of the
distribution functions.

5.1 The energy estimate

We present here some a priori estimates which are satisfied by solutions of the
Vlasov-Schrodinger-Poisson system (2.9)-(2.11).

Proposition 5.1 (Energy estimate). Let (V, (€,, Xy, f)p>1) be a solution of (2.9)-
(2.11). Let us define total energy

Stot(t) == 5kzn<t) + gpot(t) (51)

where the kinetic energy and the potential energy are respectively defined by

Erin(t) Z// fpdxdv+2/// 10.x12 £, da dz dv (5.2)

Epot(t // NV dx dz + // V..V|?dxdz. (5.3)
Then, we have

Stot (C/'tot ///n@t‘/extdxdzds—Z/ //( )fp’U-I/dO'dUdS

p>1

< gtot / ||n HLl H 815 emt( ”Loo ds "‘OCZ/ // ( ) gde ds.
p>1 -

(5.4)

Moreover, the following estimate holds

In®llz < lnOllp +a / | sasas (5.5)

p>1
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Proof. The integration of (2.9) with respect to v yields the charge conservation
equation
Opp + divy g, = 0. (5.6)

Multiplying (2.9) by % and integrating with respect to x and v provides, after some
integrations by parts in v and x and the use of (5.6):

//( +€>fpdxdv //fpatéda:dv_ //< ep)fpv,ydadv_

(5.7)
Identity (A.4) of Appendix A gives

Z//E fpdde—Z/// 0. x| fpdmdzdv+//(V+‘/ext)ndxdz

p>1

and (A.15) implies

_Z//fpate dx dv = — //nat (V + Vo) dz dz.

p>1

Consequently, after a summation on p, (5.7) becomes

%(Z//U_prdxvarZ///l’asz|2fpda:dzdv+//nvmdxdz>
//Vf)tndxdz—//n@thdxdz—Z//( ep> fovvdodo.

p>1

Besides, it is readily seen from the Poisson equation (2.11) that

d 1
//V@tnda:dz = %// 3 V..V|?dxdz.
This shows that

d(c:tot //natvextdxdz—Z// ( Ep) fpv-vdodv.

p>1

Inequality (5.4) is a consequence of the following identity which is satisfied for any
real-valued function ¢ :

/Ef/"“' (v ) d = /E+w|v ) (v ) dS

Finally, (5.5) is obtained by integrating the Vlasov equation with respect to t,z,v
and by applying the above identity with ¥ = 1. 0
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5.2 The linear Vlasov equation

Let us now give some results about the collection of Vlasov equations (2.9). We shall
assume that the force fields F}, = —V,€, are known and write the equations indexed

by p
Oify+v-Vafy+ F,-V,f, =0

Y hh=ag+(1—a)R,(v"f,) on (0,T)x%_, (5.8)
[p(0,2,0) = fro(z,v).

The following lemma states the existence and uniqueness of the weak solution for
each Vlasov equation (5.8):

Lemma 5.2 Assume that the initial and boundary data f,o and g, satisfy
fr0>0, (1+0*)f0€ L' (wxRY), fro€ L®wxRY,

9 >0, (L+v%)g, € L'((0,T), L"(Z_,d%)), g, € L=((0,T) x %_).

Assume that F, € L*((0,T), W' (w) N L®(w)). Then (5.8) admits a unique weak
solution f, € L>=((0,T), L' N L>®(w x R?)). Defining the kinetic energy by

gkinp // —fptxv)dxdv
wxRd 2

the following estimates are satisfied by the solution f:

0 < fp(t, z,v) < max(([gpllz=, [ fpoll=) a-e., (5.9)
// ta:vdxdv<// fpngd:vdv—i—oz/// gp(s,z,v) dX ds,
wxRd wxRd
(5.10)

Ekinp(t) < Ekinp(0 +a/ // (s,z,v)dEds + C (@ ()—|—<I>(t)d+2), (5.11)
where
(d
1) = 142 / 1y (s, 1o ds
and C' is a constant independent of p and of the data.

Proof. In this proof the index p is only a parameter and is omitted for notational
simplicity. The construction of a solution can be done in the same way as in the
proof of Lemma 4.1 :

:nkffmngk
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where f; is defined by
Ofe +v-Vofu +F-V,fr =0
v fr=ag+ (1 —)R(Y" fr-1),
[t =0) = fpo

The regularity of the force field ensures the existence and uniqueness of f; [36]. The
L* bound (5.9) is satisfied by all the f; and is therefore satisfied by the solution
f. Estimate (5.10) can be obtained after a simple integration of (5.8) with respect
to t, x and v. Estimate (5.11) is obtained as follows : multiplying (5.8) by % then
integrating on w x R%, one obtains

dgkzn o

/ —f(t,z,v)v- ydadv—l—/F( x) - j(t, x) du. (5.12)

Like in the proof of Proposition 5.1, we have

v? v?
—/ —f(t,a:,v)v-udadv:a// —g(t, x,v)dx.
n 2 5 2

Besides, the classical interpolation result [13]

(d+1)/(d+2)
()] < C [If]|+ (/ T ) |

and Jensen’s inequality lead to

L(ds2) U2 (d+1)/(d+2)
[ P sty < C IR o 15134 ( /] 5f<t,x,v>dvdx) |

(the domain w is bounded). Inserting this inequality in (5.12), one obtains

dt

2

(t) < CE (Yo 1L (i) @D/ 4 g // 2 glt,xv)ds.
>

This leads after a Gronwall argument, to

(&m(t))l/(dﬁ) < (5km +a/ // —g s, 2,v)dY ds)

Lol e / VF (s, )| ds,

1/(d+2)

which, raised to the power d+2, leads to (5.11) (the inequality (1+h)? < 14+C(h+hP)
is used). 0O

The following interpolation inequality will be used in the remainder of this section:
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Lemma 5.3 Assume (f,) lies in (*(L°(O x R?Y)) and (vf,) € (1(L'(O x RY)),
where O is an open subset of RY. Then we have

iz a2
> opllpesnrao) < C (Z HfPHL‘X’(OXRd)) (Z I\vzpruwad)) , (5.13)

p>1 p>1 p>1

da+1

1
d+2 d+2
Z HJpHL<d+2)/<d+1>(O (Z 1 fpll oo 0de)> (Z Hv2fp||L1(0de)> :

p>1 p>1 p=1
(5.14)

Proof. The two following interpolation estimates are standard and can be found for
instance in [13]:

2/(d+2) )d/ (d+2)

lopll oy < CISMZET (102 fyll 2 (oxmay

' 1/(d+2) d+1)/(d+2
lalwsarasoy < CLAIA (102l oxrn) ™

Then (5.13) and (5.14) can be deduced easily, after a Holder inequality. 0O

Corollary 5.4 Letd < 3 and let f,(x,v) be such that f, > 0. There exists a constant
E depending only on V. (and independent of €) such that if

(Z Hf;»Hmo) (Z// fpdxdv> <& (5.15)

p=1 p>1

then the collection of density functions defined by p, = [ f, dv satisfy ol (piarrray <
N, where N is the same constant as in Theorem 3.4. Consequently, the Schrodinger-
Poisson problem (3.1)-(3.2) as well as the reqularized Schridinger-Poisson problem
(3.4)-(3.5) admit unique solutions.

Proof. This lemma is an immediate consequence of (5.13). To apply Theorem 3.4,
we only have to check that ¢ = % satisfies the condition ¢ > max(1, g) This is
true if (and only if) d < 3. 0O

It is well-known that the average quantities of f with respect to the velocity
satisfy compactness properties. The following Lemma makes them precise in the
case of series (f,):

Lemma 5.5 Let F)) € L'((0,T) xw) for any integer p andn. Let (f') be a sequence
of solutions of (5.8) such that for alln € N

Z I3 oo (0.1 xwxrey < C 5 Z 1(W* +°) |21 0.7) xwsrey < C
p>1 p>1

with uniform bounds with respect to n. Then, the sequence (p,)p>1 = ff dv)p>1

is compact (with respect to the index n) in the ¢*(L1((0,T) x w)) topology for any
d+2

q <
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Proof. Since Lemma 5.3 yields the boundedness of (p") in £*(L4+2/2((0,T) x w)),
it is enough to prove the compactness of (p") in £}(L*((0,T) x w)).

The first step of this proof is the standard mean compactness result from [26,
27, 21] (more precisely, we refer to Theorem 5.13 of the review paper [13]): for any
function ¢ € C*°(R?) and for any fixed p, the sequence indexed by n

[yt z,v)(v) do
R

is compact in L'((0,T) X w).
Let ¢ € C®(R?) be a cut-off function such that 0 < ¢ < 1 and ¥(v) = 1 if
|v| < 1. For any integer R > 0 the particle density can be written

pp=pptt
with

oy = e [ £ 0)0(0/R) do
R
and
=L [ fpa)oto/R ot [ tae) (- o(/R) do
R R
With a diagonal extraction procedure, for any R € N* (a subsequence of) the se-

quence (p™) converges in (1(L'((0,T) X w)) as n — +oo. In order to bound the
remainder (™) we make use of the bound of (v* + p®)f;' in €'(L") :

n P’
Z Hrp,RHél(Ll((o,T)xw)) < Z /Rd ' (t,x,v)Y(v/R)dv

p>1 p>R )
U n
e[ ) (= vt/ ) de
p>1 < IVI=
1 2 2\ fn C
< ﬁz [ (v + 7)) | L1 (0,7 xewxray < 2k
p>1

Thus (r™) is small uniformly with respect to n in the £}(L((0,T) x w)) topology
when R is large. This is enough to deduce that the sequence (p") is a Cauchy se-
quence in this topology. 0O

We end this section by a stability result:

Lemma 5.6 Let F' € L'((0,T) x w) be a collection of force fields and let f}' be the
corresponding sequence of weak solutions of (5.8). (i) If for allp > 1

E'"=F, in L,
(5.16)
weak *

n " . oo
fp — fp m Lt,x,v

23



then the limit f, is a weak solution of (5.8) with the force field F,.
(i) If moreover we have

Z 15 e, , + Z 1(v? +p2)f;||L1((O,T)xw><Rd) <, (5.17)

p>1 p>1

where C' is a constant independent of n, then for any q < d+2

= (/f;dv)pZI =3 (p) = (/fpdv)pZI in 1(LI((0,T) x w)).

Proof. Part (i) of this Lemma can be directly obtained from the weak formulation
of (5.8). Remark that if f' verifies (5.17) then the limit f, also verifies (5.17). To
prove (i), we use Lemma 5.5. After extraction of a subsequence, (p};),>1 converges in
H(L9((0,T) x w)) as m — oo. It remains to identify its limit. Let ¢ € C2°(]0, T[x ).
Denoting p, = [ f, dv, we have

Z// — P ¢dtdm—2///|v|<R — f,) ¢ dt dz dv

p>1 p>1

+Z//A>Rf”¢dtdxdv—Z//A>pr¢dtdxdv.

p>1 p>1

For any fixed R > 0, the first term converges to 0 thanks to (5.16). The second term
can be estimated as follows (the third term can be estimated similarly):

Z//A}ﬂf"@bdtdwdv < —Z///v Iy |o| dt dz dv

. <—maX (|6)) Z///v o dtd:vdv<—

p>0

and can be made arbitrary small, independently of n, by choosing R large enough.
Hence the limit of (p™) is (p). The limit being unique, all the sequence converges.

5.3 Weak solutions for the VSP problem

In order to prove the existence of solutions for the Vlasov-Schrédinger-Poisson sys-
tem (2.9)-(2.11), we shall consider the system of Vlasov equations coupled to the
regularized Schrodinger-Poisson system:

Oify +v-Vauf, = V€ -V, f =0,
Y fy = agy + (1 —a)Ry(y +f5) on (0,7) x X_, (5.18)
f;(ovxvv> = fp,O(x>U>a
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(1
_5 822)(; + (Ra[vs] + ‘/ext)X; - EE)X; )
1 (5.19)
X;(t,x, )€ Hy(0,1), / Xp Xq @2 = 0pg s
\ 0
€ € & € € 2
—AVE=n°=R Z(/ fpdv> x| ]
pz1 ME (5.20)
Ve=0 ondw x (0,1), '
[ 0.VE=0 onwx{0} U wx{l},

where € > 0 and R° is the operator defined by (3.3).
We first prove the following Proposition:

Proposition 5.7 (Energy estimate for the regularized system)

Let (VF, (€5, X5, f%)p=1) be a solution of (5.18)~(5.20). Let us define the kinetic energy
and the potential energy by

Eiin () Z// [y d dv + Z/// 10.X5)7 fo da dz dv (5.21)

(. //n Vewt dx dz + // IV,.VE|2dr dz (5.22)

and the total energy by
Eior(t) = Eiin (t) + i (1) (5.23)
Then for e € [0,1] we have

E(t)=E&,,(0 ///n 8tVextdxdzds—Z/ //( —1—6‘5) fov-vdodvds

p>1

< &0+ [ IOl 0V s+ > [ [ (45 +6) mazas

p>1
(5.24)
Moreover, we have

W@MSM%Mﬁu%AML%@%- (5.25)

Proof. The proof is identical to the proof of Proposition 5.1. One has to notice that

_Z//feateadm— ///Zfelxpfat (REVE] + Vi) der dz o

p>1 p>1
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and that

// n*RE[VF]dx dz = // Renf|VEdxdz :/ V... VE|? dx dz.

Corollary 5.8 Let T' > 0 and let My, Ey, M, and E} be defined by (2.12)-(2.13).
There exists a constant £ depending only on ||Vee: (0)||c2 and on fOT 1[0 Vewt) || ooy dt
such that if the data satisfy

(Mo + M) Ey + Ey) < € (5.26)

then any solution f of the unmodified problem (2.9)—(2.11) satisfies

2/d ,
(Z pr<t,~,->um> (Z // %fp<t,x,v>d:cdv><§ (5:27)

p=>1 p>1

fort € (0,T), where the constant & is the same as in Corollary 5.4. Moreover there
exists ey > 0 such that if e < ep and if (5.26) is fulfilled then any solution f€ of the
regularized problem (5.18)-(5.20) satisfies (5.27) fort € (0,7T).

Proof.

The unmodified problem (2.9)—(2.11).

Let us estimate the initial total energy &,(0). Without loss of generality, we can
assume that €& < £/2. Consequently Corollary 5.4 and Theorem 3.4 can be applied
at t = 0 and the initial total energy is bounded as follows:

gtot(o) < CZ //(1 + 'U2 +p2) fp70 dx dv = CEO
p=1
For ¢t > 0 and 2 € dw x (0,1) we have V(t,z) = 0. Thus, with the notations of
the Appendix, €,(t,z) = €[V.u(t,x,-)] and by (A.6) and (A.7) we have

1 t
€ < 5" I[Vere (O] laoe < 579" + [[Vew (0| 2 +/ 110 Vear ()] | Loo(e) dt-
0

N —

Hence with (5.25) we get

[ oo o asva S [7 [ () sasds < o)

p>1

where Cy depends only on [|V,.+(0)]|z~ and on fOT 110¢Veat (t)] ]| oo () dt. Gathering
this estimate and the estimate of the initial energy, (5.24) yields

Eiot(t) < Co(Ep + Ep).
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Finally, since > o, [|fp(t)[lr~ < max(Mo, My) (which is a consequence of the
results on the linear Vlasov equation stated in Lemma 5.2), we get

2/d )
(Z “fp(tv'?')HLoo) (Z/ %fp(t7x7v) dx dv) < CO(M0+M5>2/d(EO+Eb)

p=>1 p>1

< Cy€.
The proof is concluded by choosing Co€ < £/2.

The modified problem.

The modified problem (5.18)—(5.20) can be treated in the same way. The only
modification concerns the estimate of €] at the boundary, since we do not have
Re[VF] = 0 on Ow x (0,1). Nevertheless we can use the fact that this quantity is
small. Let z € dw x (0,1). Remark that

€t ) = E RV + Vew| (1, ) < E[RTVE] + Vi ](2, ).
By (A.23) we have
ext

|€[RVE] + Vi) — €,V (8, 2) < CePlV et | REVE(t, 2, )| 1 o) -

Therefore we have
1 & e /e
€(t,2) < S 4 | [Viaa ()]l + O oot IRV (1,2, ) oy (5.28)
We recall that by Theorem 3.4 and (5.13)

IVl ooy (8) S CIVE| o252 (8) < C(Mo + My + E5,(1)) (5.29)

(@)

and that ||[R[V] — V|pea@ — 0 as e — 0, for any function V € C°(w, L'(0,1))
such that V(z,z) = 0 on dw x (0,1) (see Lemma 3.1). Since the embedding of

W2E(Q) in C°(w, L*(0,1)) is compact, it is not difficult to show by contradiction

the existence of a constant C'(¢) > 0 such that lim._,C(g) = 0 and
IRDV) = Vs < CEIV I ya s g,
Since V& =0 on dw x (0, 1), (5.29) implies that for z € dw
IREVEIE 2, )| o) < CO(E)(1+ E(1)).

Inserting this inequality and (5.29) in (5.28), then using (5.24), leads to
t
E0u(t) < Co (o4 Bn) + C(0) [ (1+E5,(5)) e ds.
0

A standard perturbation argument shows that for any n > 0 there exists e such
that for e < ep
E(t) < Co(Bo+ Ey) +n,  te[0,T].

27



This leads to the estimate

2/d .2

p>1 p>1

whose right-hand side is smaller than £/2 for n small enough. 0

Proposition 5.9 Let T be given and let £ and e be as in Corollary 5.8. Assume
that the initial data defined in (2.12)-(2.13) verify (Mo + My)¥?(Ey + Ey) < € and
that 0 < € < ep. Then the reqularized SVP problem (5.18)-(5.20) admits a global
solution (V=, (€5, X5, f5)p=1) on the interval [0, T7.

Proof. Whenever the solution exists, since the assumptions of Corollary 5.8 are
satisfied by the data, this solution satisfies the estimate (5.27) on its interval of
definition.

We shall prove that —as soon as the initial data satisfy (5.27)— a solution can
be constructed on an interval [0, 7;] which might depend on e. Then, by the above
remark, this solution will also verify (5.27) on the whole interval [0,7%]. The time
T. can thus be taken as an initial time and one can extend the solution on [T, 27.]
The solution will actually be defined on the whole interval [0, 7).

The local existence proof relies on the Schauder fixed point theorem. The fixed
point mapping, that we shall denote by S;, is defined as follows : starting from V &€
LYHYA((0,T2) x Q), we set €, = €,[R¥[V] + Vipe]. The regularity of V,,; (assumption
(H-2)) insures that €, € L'*Y4((0,7.),C*)) which allows to construct (f,),>1
by solving the Vlasov equations (5.18). Then, we compute (V*, (€5, X7),>1) as the
solution of the regularized Schrdodinger-Poisson system (3.4)-(3.5) in which p, =
[ f»dv. By definition, we set

Se(V)y=V~.

Note that the last step of the calculation is nonlinear and involves the resolution of a
Schrodinger-Poisson system (we recall that in the stationary case treated in Section
4, the last step of the fixed point scheme was the resolution of a linear Poisson
equation).

Well-posedness of the mapping under Condition (5.15)
Let us define the bounded, closed, convex set

K, ={VeL™0,7) xQ) : 0<||V]psya <1} (5.30)

We shall prove here that there exists 7. > 0 such that for ¢ < 7, (5.15) is satisfied
by the f,’s defined above, which ensures the well-posedness of the mapping S;, then
that S:(/C7.) C Kr.. To this aim, we notice that for any 7 and for any V' € IC,, the
eigenvalues €, corresponding to the potential R°[V] 4+ V., satisfy

||VI€PHL%+1/'1(W;,OO) < CEJ
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where C. only depends on € and V,,; (and not on 7). Besides, we deduce from Lemma
5.2 that the solution f, satisfies

//vfptxvdxdv< //vfpodxdv+a/ // —gpdEds

)+ @5( >d+2

where

t
o°(t) = max([gyllze, || fpollze) @ / IVo€p(5, )| 1o ) ds
0

This ensures that

(Z y|fp(t)|yLoo> (Z // Vr d:cdv) < (Mo + My (Ey + B

p=>1 p>1
1O, (tl/ 1+d)+t(d+2)/(d+1))

Since we have assumed that (M + Mb)Q/d (Ey + Ey) < € < £/2, there exists 0, >
0 such that (5.15) is fulfilled for ¢ € [0,d.]. By Corollary 5.4, the regularized
Schrodinger-Poisson system (3.4)-(3.5) with p, = [ f, dv admits a unique solution
(V*, (€5, X3 )p=1), which satisfies a uniform estimate

VN o050y 282y < €

This implies that if 7 < §. the mapping S; is well-defined on [0, 7] and satisfies
1S (V) Li+1/4((0,mx0) < Co /), (5.31)

where Cy only depends on V,,;. Let

. 1
TE = 1min ((58, W) .

Then (5.31) shows that the set Kr, is stable by S..

Compactness and continuity of S-

The compactness of S. is a consequence of Lemma 5.5 and its continuity is a conse-
quence of Lemma 5.6. Indeed, consider a sequence V" in K7.. We have seen that the
corresponding distribution functions f' satisfy (5.15) for ¢ < T.. Besides, by (5.10)
we have after a summation

Z//p [yt z,v)dedv < Ey + E.

p>1
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Thus a Young inequality gives

Z 3 1] oo (0,7 xwxRe) + Z 1(W* + %) [ | 11 0.1y xwxray < C, (5.32)

p>1 p>1

where C' is independent of n. Hence Lemma 5.5 applies and the sequence (p")
is compact in ¢*(L9(0,T.) x w)), for any ¢ < ©2. Remark that 1 + 1/d < &2
and that max(1,d/2) < 42 (since d < 3). Besides by Corollary 5.4 we have
oL, Moy < N for ¢t < T.. Hence, setting ¢ = d+2 _ p for n > 0 small

t2
enough, ¢ is such that
d+2
lp(t, ey <N fort <T. ; max(1,d/2) <q< g 1+1/d<q.

Therefore, up to the extraction of a subsequence, (p") converges in ¢*(L?((0,7%) x
w)) and Theorem 3.4 applies with this value of ¢. Consequently the sequence
S.(V™) is a Cauchy sequence in L4((0,T.), W?9(Q)) and converges in particular in
LYHYA((0,T2) x Q).

Let us now prove the sequential continuity of the mapping S.. We assume that the
sequence V" € Kr. converges towards V' in the L'*1/? topology. From the continuity
of the regularizing operator R°, we deduce that R°[V"] converges towards R°[V] in
LYA((0,T) x CH(Q)). Let € be the eigenvalues corresponding to R [V] + Vig.
Lemma A.7 shows that

€= €, in LYY((0,TL), CH(@)).

Besides, by Lemma 5.2 the corresponding distribution functions f; are bounded in
L>((0,Tz), L' N L (w x RY)). After a diagonal extraction of subsequences, f;' — f,
in Ly, , weak *. Moreover, for t < T, fI satisfies (5.32). Hence Items (i) and (ii) of
Lemma 5.6 can be applied: the limit f, is a weak solution of (5.8) with the force field
—V.€, and the sequence (p;r),>1 converges to (p,)p>1 defined by p, = [ f, dv, in the
(L0, T.) x w)) topology (q is the same as above in the proof of compactness).
This limit (f,),>1 also satisfies (5.15), thus by Corollary 5.4 and Part (i) of

Theorem 3.4, we have finally

I5:V") = SVl isozyay < M) = )l =0

Remark that the limit is unique, thus that all the terms of the initial sequence S. (V™)
-and not only a subsequence- converge to S.(V). 0O

5.4 Proof of Theorem 2.3

The proof of Theorem 2.3 is obtained by passing to the limit ¢ — 0 in the regularized
problem (5.18)-(5.20). This can be done exactly like in the proof of compactness and
continuity of the mapping S., by exploiting the convergence properties of the operator
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R? developed in Lemma 3.1. We shall only sketch this proof and leave the details
for the reader.

By Corollary 5.8, the solution of the modified problem given by Proposition 5.9
satisfies (5.15). This has two consequences. First, the compactness Lemma 5.5 can
be applied and leads the concergence as ¢ — 0, up to an extraction, of the sequence
(p5)p=1 in £(L((0,T) x w)) (with ¢ < (d+2)/d). Second, for any given time ¢, the
quasistatic Schrodinger-Poisson part of the problem is solved in the framework of
Theorem 3.4 (i.e. the solution is continuous with respect to (p%)).

Denote by (V, (€,, xp)p>1) the solution of the unmodzﬁed Schrodinger-Poisson sys-
tem with the occupation factors p, and by (V% (€3¢, x)),>1) the solution of the
unmodified Schrodinger-Poisson system with the occupation factors pf,

1 € € € €
_5 szg7 + (V07 + ‘/ext)Xg’ = 627 X%Ea

AVOT =3 G|

p>1

By Item (i) of Theorem 3.4, V= —V%¢ converges to 0 in L>((0,T), W?4(Q)) ase — 0.
Moreover, by Item (ii) of the same theorem (applied to the unmodified S-P system),
we have

IV = Vissomw2a) < Clle = pllewagomyw) -

which implies that V¢ converges to V in L((0,T), W?%(2)). Since V¢ and V belong
to W14 by Lemma 3.1 R°[V¢] converges to V in L((0,T), W4(2)). Consequently,
the eigenvalues €5 := €,[R*[V®] + Voo converge in LI((0,T), W4(w)) as e — 0, and
by Lemma 5.6 one can pass to the limit in the whole Vlasov-Schrodinger-Poisson
system.

The occupation numbers (p,),>1 are in £1(L>®((0,T), L\42/4(w))). It is not dif-
ficult to show, by a similar argument to the one developed in [20], that (p,),>1 €
(1(C([0, T), L*2/4(w))), which yields V € C([0, 7], W2 (Q)) in view of Theorem
3.4. Finally, the regularity of the €,’s and the x,’s is deduced from Lemma 4.4.

6 Comments

The stationary problem.

In the stationary problem, we have assumed that the accomodation coefficient « of
the boundary condition (2.5) is different from zero, while the value o = 0 is allowed
for the evolution problem. This is due to the fact that the value a = 0 corresponds
to an isolated system for which the total mass has to be prescribed in the stationary
case. Since the boundary operator R, conserves all the functions of the energy, the
techniques developed in Section 4 allow to prove the following theorem:
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Theorem 6.10 For any given positive number M and any given decreasing function
®: R — R such that

+o00 2 2,2

Zp/ |u|d_1®(%+ﬂ2p>du<+oo,
0

P

there exists a unique solution (fp, Xp, €p, V) of (2.5)~(2.7) with o = 0, such that

2

o) =0 (5 + ) - €x)

and

Z//fp(x,v) dzdv = M.

We shall only give some hints about the proof of this theorem. The first remark
is that a function ®(|v|? + €,(z) — €p) is a solution of the Vlasov equation (2.5)
with o = 0. Consequently, the occupation numbers p, = [ f, dv are decreasing with
respect to p, locally in x. This ensures, in view of Proposition 3.8, the existence
and uniqueness of a solution V' of the Schrédinger-Poisson problem (3.1)-(3.2). The
overall problem can be now rewritten as a minimization problem under the constraint
Zp I fp(@,v)dxdv = M which can be solved uniquely (€r being the Lagrange
multiplier associated to this constraint). We shall not develop this point here and
refer to [22, 23, 28].

The time-dependent problem.

The time-dependent problem is solved only for small data. This is not due to a failure
of an a priori estimate (the energy estimate holds without the smallness hypothesis).
The reason is that we were not able to prove that the Schrodinger-Poisson system
(3.1)-(3.2) has a unique solution for large data, neither were we able to select a
solution continuously depending on the data (for large data). This fact implied a
lack of time compactness which is necessary for the construction of a solution for the
Vlasov-Schrodinger-Poisson system. On the other hand Proposition 3.8 insures the
existence and uniqueness of the solution of (3.1)-(3.2) when the occupation numbers
pp are pointwise (in ¢ and z) decreasing with respect to p. This decay property is
trivially preserved during time evolution in the so-called electrical quantum limit,
where for p > 2 we have fl? = 0 and g, = 0. In this case, only the first subband is
occupied and we have the following theorem:

Theorem 6.11 Under the additional hypothesis fS =0 and g, = 0 for p > 2, the
results of Theorem 2.3 hold true with & = +o0.

The Vlasov-Schrodinger system (without Poisson coupling) was obtained by the
authors in [8] as the partial semiclassical limit of the Schrodinger equation. The
coupling with Poisson equation will be tackled in the future in the framework of the
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electrical quantum limit for which the Vlasov-Schrodinger-Poisson system has better
properties than the most general case.

Collisions.

We have assumed all along this paper that the transport in the x direction is bal-
listic so that the Vlasov equation has to be solved. Existence theorems similar to
Theorems 2.2 and 2.3 can be proven when collisions are taken into account. The
Vlasov equations are replaced by Boltzmann type equations

Ofp+v-Vafy = V€, Vifpy=Q(f)p

where f = (f,)nen+ and @ is a matrix collision operator which models intersubband
transition (extra-diagonal terms) and intrasubband transitions (diagonal terms).

For the linear, diagonal, elastic collision operator, the existence Theorems 2.2
and 2.3 apply without any change. Namely, take

QU )p = Qp(fp) = /Ozp(t z,0,0) (f() = f(0)) 6(jo]* = [v']*) dv’
and assume that o, is nonnegative, symmetric (with respect to v and v’) and satisfies
/ap(t,x,v,v’)5(|v|2 —|']A) dv’ € L™
then the results of Sections 2-5 hold true when the Vlasov equation
Ofp+v-Vufy —=V.€,-V,f,=0
is replaced by the Boltzmann equation

8tfp +v- v:):fp - vxep : vap = Q(f)p

The reason for this is that ), conserves any function of the energy, that it conserves
the L* norm and that any isotropic (in velocity) function belongs to the kernel of

@p-

In a forthcoming paper [10], a Drift-Diffusion-Schrédinger-Poisson system, ob-
tained thanks to a diffusion limit of a Boltzmann-Schrodinger-Poisson system is
studied.

33



Appendix

A Spectral properties of Sturm-Liouville operators

In this appendix, we present some basic properties satisfied by the eigenvalues and
eigenfunctions of the one-dimensional Schrodinger operator. Most of these properties
can be found in [32, 40, 44]. Let U be a real-valued function in L?(0,1) and let H[U]

be the Dirichlet Schrodinger operator

Ho = -+ Lo (A1)
 92d22 i '
defined on the domain

D(H[U]) = H*(0,1) N H}(0, 1). (A.2)

The operator H[U] is a selfadjoint operator on L?(0, 1), bounded from below and
with compact resolvent. There exists a strictly increasing sequence (€,[U]),>1 of real
numbers tending to +o0o and an orthonormal basis of L*(0,1) (x,[U](2))p>1 such

that
1 d?
T2 g TV =6
(A.3)

1
Xp€H3(071>7 / Xp Xg dz = 0pq -
0

The €,’s are the eigenvalues of H[U] while the x,’s are the corresponding eigenfunc-
tions. It is readily seen from (A.3) that

1 1
Ep:ﬁ ;

Besides, the eigenvalues are simple (this is why the sequence (€,) is strictly increas-
ing) and for U = 0 they are given by
1

6[0] =57 i x[0)(2) = V2sin(mpz).

2

d

(2) W*AU@mwww. (A4)

In the general case, the eigenvalues €, are given by the Min-Max formula [32]

' 1 1 d¢ 2 1 )
€,[U] = max min —|—(2)| dz+ [ U(2)|p(2)|*dz | .
dim Ep=p—1 (;SGE;-ﬁHol(O,l) 0 2 |dz 0
lloll 2=t
(A.5)
An immediate consequence of the Min-Max formula is
if U>V ae on(0,1) then  Vpe N €,(U) > €,(V). (A.6)

Another consequence is the
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Lemma A.1
(i) Let U andV be two real-valued functions in L*(0,1) such that U -V € L>(0,1).
Then the corresponding eigenvalues verify

(U] = €V < U = V| (0): (A7)

The particular case V =0 gives

1
€,[U] - §7T2P2 < UL 0,1)- (A.8)

(i) Let U be a function in L>°(0,1). Then there exists a constant C' independent
of U and of p such that

oUlllmon < € (p+ 10120 (A.9)
vrel4od]  plUllon < € (1+p2 7 + JUILGE) . (A10)

Proof. The fact that €, is Lipschitz with respect to U in the L* topology can be
proved directly using (A.5). Let us now prove Item (). Since ||x,| 2 = 1, Estimate
(A.10) in the case r < 2 is trivial. In the case r > 2, it is a simple consequence of
(A.9) and of the Gagliardo-Nirenberg estimate

1fller < CIALZ A v e HY(0,1).

To prove (A.9), we simply remark that (A.4) and (A.8) imply fol |Lxp(2)Pdz <
57p? + 2||U ] Lee- O

For Section 3, it is interesting to consider the Schrodinger operator with L'(0,1)
potentials. In [44], the spectral properties of H[U] are studied in the framework
of Sturm-Liouville operators, without invoking the abstract theory of selfadjoint
operators. The results of Chapter 2 of [44] were obtained for L?(0,1) but the proofs
are still valid for L'(0,1) potentials. We state these results in the following two
lemmas:

Lemma A.2 Let U € L*(0,1). Then the eigenvalue problem (A.3) admits a unique
solution (€, Xp)p>1. The sequence (€,),>1 is bounded from below and strictly increas-
ing to +0o. The sequence (Xp)p>1 s an orthonormal basis of L*(0,1).

Lemma A.3 Let U € L'(0,1). Then there exists a positive constant CJ; depending
only on ||U||p1(0,1) such that

1
€,[U] — §7r2p2 < Ch (A.11)
\/— . 11d \/— 0(1]
’ XplU] — QSln(sz)HLOO(O ) +§ axp[U] — V2w pcos(mpz) o < >
’ L°(0,1
(A.12)
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Moreover the constant Cf; can be chosen such that
Ch < Crexp (G ||U]|p20,1y)
where the constants Cy and Cy are independant of U.

Remark A.4 One of the consequences of Lemmas A.2 and A.3 is that the mappings
€,:L'(0,1) =R ; yx,:L'0,1) — C([0,1])

are weakly continuous. In particular, (A.6) and Item (3) of Lemma A.1 are still valid
when the space L?(0,1) is replaced by L'(0,1).

With the bounds of €, and of ||x,[U]|lw1.=(0,1) given by Lemma A.3, we deduce the

Lemma A.5 Let U € L*(0,1) with a > 1. Then there exists a positive constant 0
depending only on ||U||Le(0,1), such that

Y(p.q) € (N)*  |6,[U] = €U = 05 |p — qf”. (A.13)

Proof. If p = ¢, this inequality is obvious. Let us first prove that there exists a
constant ¢, independent of p, ¢ and depending only on ||U||z«(o,1y, such that

min |€,[U] — €,[U]| > 6. (A.14)
P#q

If (A.14) was false, it would be possible to find a sequence (U™) weakly converging to
U in L*(0,1), thus in L'(0,1), and a sequence (p") of integers such that €, 1 [U"] —
€,»[U™] converges to zero as n tends to +oo. The asymptotic behaviour of the €,’s
deduced from (A.11) implies that the sequence (p") is bounded. Therefore, up to
an extraction, it is stationary : p™ = p. Besides, from Remark A.4 we deduce that
€,[U"] and €,.1][U"] converge to €,[U] and €,.1[U]. Hence €,[U] = €,,1[U], which
is in contradiction with Lemma A.2 (the eigenvalues are strictly increasing).

Let us now prove (A.13). From (A.11) we have

7T2 7T2
TP - Ch <€ <+ O

which gives, for any (p, q):
m’ 2 2 1
|€p Eq| > 9 lg —p g — p| —2CY .

Hence if |¢ — p| > C}; then |€, — €,] > 7r;|q — p|?. From this inequality and (A.14)
we can deduce easily (A.13) (up to a change of dg)). 0

The following lemma contains additional information on the U dependence of
eigenfunctions and eigenvalues when the potential depends on a parameter.
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Lemma A.6 Let V =V () z) € LE(\ LY(0,1)) where X is a real parameter (typ-

loc
ically N\ =t or A = x;). Let us denote €,(\) instead of €,[V (A, -)] and analogously
for xp(N\). Assume that O,V € L (X, L1(0,1)).

(i) Then O\€, € Li., and we have

loc

O\Ep(N) = /01 Ixp(A, 2)[F OV (N, 2) dz, (A.15)

O3, (N)] < Cy 1AV (A, )l 22 0,1)- (A.16)
(ii) If V€ L2 (N, L¥(0,1)) with a > 1 then dyx, € Li. (A, L(0,1)) and we have

loc loc

(/01 oA 2) XX, 2) NV (A, 2) dz’)

0 A z) = A A.17

AXP( ’Z) Z Ep(A)—Eq(A) XQ( ?Z)? ( )
a#p

[OAXp (A, )L 0,1) < CY OV (A, )l 210,1)- (A.18)

(iii) If V € Lo (A, L2(0,1)) with « > 1 and \V € L (X, L2(0,1)) with 1 < v < 2

then Ox.xp € Li,.(\, L3°(0,1)) and

loc
[Ox:Xp (A, )

(iv) If V € L2 (N, L2(0,1)) witha > 1 and O\\V € Li,.(\, L1(0,1)) then O\\€, € Lj,

loc loc loc

and Oxp € Li.(A, L2(0,1)) and we have the pointwise (in \) estimate

loc

0,0 < Cyp [V N )l rr0)- (A.19)

[OMER(A)| + [[9amxp(A, )

L) < Oy <||8AV(>\, ')||%;(o,1) + [ OV (A, ')||L;(o,1)> .

(A.20)
In the whole Lemma, the estimates are pointwise (in X) and the constant C depends
only on ||V(X,-)|lLe,1) and not on the index p.

Proof. We first prove this lemma when the potential V' is regular (say C'*°). In this
case €,(A\) and x,(A, z) are regular (see for instance [32]).

Since the x, form an orthonormal basis of L*(0,1), dxx, writes >0 -1 apq Xq-
From ||xp(A, -)||z2(01) = 1 we deduce a,,;, = 0. A differentiation of (A.3) with respect
to A gives

Z apq (€ — €p) Xq = (ONEp — U)X, (A.21)
7P

Multiplying (A.21) by x, and integrating with respect to z leads to (A.15). Anal-
ogously, (A.17) is obtained by multiplying (A.21) by x4, for ¢ # p, and integrating
with respect to z.

The inequalities (A.16) and (A.18) are obtained by straightforward estimates of
the right-hand sides of (A.15) and (A.17) (in which we use the estimates (A.12) and
(A.13)).
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To prove Item (i) we differentiate (A.17) with respect to z :

([ w0 m0voe)

OXp(A, 2) = ; &0 = €0 0:Xq(A, 2) .

Denote

1
bpa = / Xp(A, 2) Xg( X 2) OV (A, 2') d.
0

1
bg,q = / Xp (A, Z/) \/§Sin(ﬂqz/) AV (A, zl) dz,
0
y (A.12) we have

b —p? <C—(1]8V)\- <C[1]8V .
|p,q p,q‘ =y ” A ( ) )HL%(O,I) || A ( > )HL;’(O,l)‘

Moreover b?,,q can be estimated thanks to the Hausdorff-Young inequality [16]: let
fe L*0,1) with 1 < s <2 and let s’ be the conjugate of s. Denoting the Fourier
coefficients of f by

— /01 V2sin(rqz) f(2) dz,

the series ( fq)qzl belongs to ¢ and the following inequality holds:

||<fq)q21 S ||f

Here, applying the Hausdorff-Young inequality to bgg yields the estimate

L5(0,1)-

/4
<Z |b2,q|vl> < C[1]||8)\V()\, ‘)HLZ(o,l)-
q

Using (A.13) and (A.12), we deduce

193V (A,
g — p|2

00 q 6.4
2, pﬁP)

q#p

103X (A, )22 0,1) < Cp (Z

q#p

the right-hand side being bounded by C|0\V (A, -)||17(0,1) (since v > 1).
For Item (iv), we first differentiate (A.15) with respect to A and get

1 1
8)\,\617 = |Xp|2(9>\)\VdZ+2/ XPGAXPGAde.
0 0
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The estimate on 0))€, in (A.20) is deduced by using (A.18) and Lemma A.3. Next,
differentiating twice (A.3) with respect to A leads to

1 1
(/ Xp Xq OV d2' + 2/ (O\V — O\Ep) Xq OrXp dz'>
0 0
X
q;ézp €& — € " (A22)

1
— Xp / |a/\Xp|2 dz'
0

a)\)\Xp =

(the coefficient of y, in this decomposition is obtained separately by differentiating
twice the equality [ |x,|*dz = 1). The convergence of the series appearing in the
right-hand side is proven by using (A.16), (A.18) and Lemma A.5. This leads to
(A.20).

When the potential is not regular, we regularize it by a convolution, obtain the
estimates for the regularized version and then pass to the limit in the regularization,
thanks to Remark A.4. For any p the series of the right-hand sides of (A.17) and
(A.22) converge uniformly. Indeed, the coefficients of x, behave like 1/¢ for ¢ large.

O

We finish this section by the following lemma:

Lemma A.7

(i) Let U and V be two real valued functions in L1(0,1). There exists a constant
Chy only depending on ||U|z101), IV Iz101) (not on the index p) such that the
following inequality holds:

|€[U] = €,[V]] < Cuy U = Vlizioa) (A.23)

(ii) Let U and V be two real valued functions in LY(0,1) with o > 1. There ezists
a constant Cfy, only depending on ||Ul[rs©,1), |V Ize©,) (not on the index p) such
that the following inequalities hold:

o U] = xp [Vl < Gy IU = V210, (A.24)

||XP[U] - XP[V]HH;(O,I) < pC&V ||U - VHL;(O,I)‘ (A-25)
(iii) Let U = U(\, z) and V = V(A 2) be in LS. (N, L2(0,1)) where X is a real

loc

parameter and o > 1. Assume that O\U and 0\V belong to L*(\, L1(0,1)). Then we
have

[OVERU N, )] = NEV N < Cov (U = Vllpao 103Ul L2 0,1)
+|0\U — (9,\VHL§(0,1)) )

(A.26)

where Cgy, depends only on ||U

L¢(0,1)5 ||V||L§‘(O»1)'
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Proof. We shall see that (A.23) and (A.24) are consequences of Lemma A.6. To this
aim, let A € [0, 1] and define W(\, z) = U+ A(V —U). Denoting €,(\) = €,[W (A, -)]
and x,(A) = x,[W(A, )], we have

V] 6101 = 61 - 60) = [ 6,00

Xp[v] - XP[U] = Xp(l) - Xp(()) = 01 8)\Xp()\) dA.

We then apply (A.16) and (A.18) in which we have noticed that 0,\/W' =V — U, and
obtain (A.23) and (A.24).
In order to prove (A.25), we start from

1 d? 5\~

_QE(XP_S@)"‘V(XP_XQ:GP(XP_XP)—F(U_v)xi”—i_(ep_ep)xp’

where x, and €, are quantities related to V' and x, and €p are related to U. Multi-
plying by x, — X, and integrating with respect to z we get

1 1
3!

2

d

1
E(Xp_)zp) dz = €p||Xp_)~(p||%§ _/ lep_prsz
0

1 1
-i-/ (U=V)Xp (Xp — Xp) dz + / (€5 — €) Xp (Xp — Xp) d2
0 0
< & e — Xollzz0n + IIVIziow IXp — XollZee
= CpliXp — XpllL2(0,1) LL01) [IXp — XpllLge(0,1)

+(1U =Vl + 1€ — €) 1%

rz=o0) [IXp = Xpllz=00)-
Using (A.11), (A.12), (A.23) and (A.24), we finally deduce that
11y 2
- o 2
/ @(Xp —Xp)| dz < p? Cov U — VHLg(o,l)
0
and (A.25) is proved.
To prove Item (7ii), we start from (A.15):
1
EUO) — VO = [ (olU = IV U ds
0
1
+/ XplV]? (02U — 03V) dz,
0
then apply (A.12) and (A.24). 0O
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B Anisotropic Sobolev embeddings

The aim of this appendix is to prove the following Sobolev embedding lemma (recall
that Q = w x (0,1) is a bounded domain of R**1):

Lemma B.1 Let s > 1. The following Sobolev embeddings hold true:
(i))1<s<d Let1<p<+o0,s<q<+oo be such that

d 1 1 1
pd+D) Tearn S5 d+1 (B-1)

d+1
Then Whs(Q) C LP9(Q). If (B.1) holds strictly then the embedding is compact.
(ii) l<s=d. Let 1 < p < +oo and 1 < ¢ < +oo. Then W*(Q) is compactly

embedded in LP9(Q2) if
d 1 1
paTd
If p < q and if (B.2) is an equality then W1 #(Q) is continuously embedded in LP9((2).
(iii) d < s <d+1. If 1 < p,q < 400 satisfy (B.1) then W'(Q) C LP%(Q)). The
embedding is compact if (B.1) holds strictly.
(iv) d/2 < s. Then W5(Q) C C%w, L*(0,1)) and the embedding is compact.

(B.2)

Proof. The proof of (i), (ii), (iii) relies on the following three arguments.
Argument 1: Gagliardo Nirenberg inequality. Let » > s be given. for almost
every = € w, the Gagliardo-Nirenberg inequality [14] gives

Hf(x7) ( )”LT(OI Hf( )H0 1501)

with § = s/(rs+s—r). Let p > 1 be defined by 2= —|—p9 =1,0e. p=14r(1—1/s).
By raising the above inequality to the power p and mtegratmg with respect to z we
get

smiy < € | W@ 1 iy

The Holder inequality leads to

| zreei) < CNFI Loy 1 1Ty

Let us now choose r < r, = ((iil‘; so that W#(Q) c L"(Q2). The corresponding

p satisfies p < p, = dff_ (i.e. (B.1) is satisfied with ¢ = +00). By noticing that

s

the embedding W'#(Q) C L"(2) is compact for 7 < r,, it is readily seen that the
embedding W5(Q) C LP>°(Q) for p < p, is compact.

Argument 2: Sobolev embedding in w. We remark that if f € W1*(Q), then
g(x) = ||f(z,-)||Ls is in WH*(w) and

lgllwrswy < Iflwrs

Therefore,
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o Ifs<d ge LPfor p<pu. = %, which leads to W#(Q) C LP+*.

o If s=d, g € L? for p < +oo, which leads to W*(Q) C LP*(Q)) Vp < +o0.

o If s > d, g € C°w) which leads to W'*(Q) C C°w, L*(0,1)) C L>*(Q).
Argument 3: Interpolation. It is readily seen that if

6 1—-6 1 6 1—-6 1

Y

y4! D2 b3 q1 q2 q3

for some 6 € [0, 1], then

||f||Lp3’q3 < ”f”%myql ||f||i;20<12

Let us consider the case s < d. From the first step, we have W'* C LP4 for all
p < p, and ¢ < +oo. The second step insures Wh* C LP4 for ¢ < s and p < py..
From the interpolation inequality, we deduce that W1* C LP4 for all (p,q) such
that (1/p,1/q) € C where C is the convex envelope of [1/p., 1] X [0, 1] U [1/pss, 1] X
[1/s,1]. This is the desired result. Indeed, the equation of the segment (1/p,1/q) €
[(1/p+,0), (1/pss, 1/s)] is (B.1) with an equality. The compactness embedding is
a consequence of the same interpolation argument and of the compactness result
obtained in the step 1 for p < p,, ¢ = 0o. The cases s > d are treated analogously
and the details are left to the reader. The three cases are summarized in Figure 1.

1q Included U Included
’ 7 on compact Vay _ Excluded 4 , non compact
1 “ ./ 1 !
"""""""""" o [N A,
A P R "t Included
Included " .- ,~ . ! noncompact
{ /" compact A A
L :‘/ v .
A i . 7,7 1 Included
s h % . L. ]
Us| y s} o X ,’1, compact )/
S N Vo Ky F
. a w N N_
Up, Up, 1 Up 1py, Up, 1 Up Up, 1 1p
l<s<d s=d d<s<d+1

Figure 1: Sobolev embeddings of W1 in LP+4

Two limiting cases. If s = d then we have the standard Sobolev embedding in

dimension d 4+ 1: W'*(Q) C LP(Q) where p = py = E;fll_)z Then by interpolation

we recover the continuous embedding in LP?(QQ) for all the segment (1/p,1/q) €
[(1/p4, 1/p%), (1/ps, 0)].

In the case d < s < d + 1 it remains to prove that the embedding in L is
compact for ¢ < g. = 1= We apply a Gagliardo-Nirenberg inequality as in the
first step, but starting with the x variable: with a suitable 6 we have
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Then with ¢ > 1 defined by q(lT_é) + q;é = 1 and a Holder inequality we get

1 1/q ~
||f||Loo,q<ms( / ||f(-,Z)||qoo(w)d2) < OISy 1 ey
0

We conclude by choosing r < r,, which gives ¢ < g..
To prove (iv), we proceed as follows : since W?%(w) C C%*(w) for some o > 0,
there exists a constant C' > 0 such that for any given (z,z’) € w X w, we have

/ WV (2, 2)—V (2, 2)|* dz < Cla— ws/ IV (2o d2 < Cla—a|1V 2o

Therefore W*5(Q) C C%*(w, L*(0,1)) C C°(w, L*(0,1)). The compactness of the
embedding is a consequence of the compactness of W2#(Q) C W?™=5(Q) (e > 0 is
chosen small enough).

O
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